Sage 9.4 Reference Manual: Matrices

and Spaces of Matrices
Release 9.4

The Sage Development Team

Aug 24, 2021






10

11

12

13

14

15

16

17

18

19

20

21

Matrix Spaces

General matrix Constructor and display options
Constructors for special matrices

Helpers for creating matrices

Matrices over an arbitrary ring

5.1 Indexing . . . . . . e e e e

Base class for matrices, part 0

Base class for matrices, part 1

Base class for matrices, part 2

Generic Asymptotically Fast Strassen Algorithms
Minimal Polynomials of Linear Recurrence Sequences
Base class for dense matrices

Base class for sparse matrices

Dense Matrices over a general ring

Sparse Matrices over a general ring

Dense matrices over the integer ring

Sparse integer matrices

Modular algorithm to compute Hermite normal forms of integer matrices
Saturation over ZZ

Dense matrices over the rational field

Sparse rational matrices

Dense matrices using a NumPy backend

CONTENTS

19
29
67

77

............ 78

85

125

147

331

335

337

339

345

347

351

379

385

399

403

417

421




22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

Dense matrices over the Real Double Field using NumPy

Dense matrices over GF(2) using the M4RI library

Dense matrices over Fyc for 2 < e < 16 using the M4RIE library

Dense matrices over Z/nZ for n < 2?3 using LinBox’s Modular<double>
Dense matrices over Z/nZ for n < 2'! using LinBox’s Modular<float>
Sparse matrices over Z/nZ for n small

Symbolic matrices

Dense matrices over the Complex Double Field using NumPy

Arbitrary precision complex ball matrices using Arb

Dense matrices over univariate polynomials over fields

Dense matrices over multivariate polynomials over fields

Matrices over Cyclotomic Fields

Operation Tables

Actions used by the coercion model for matrix and vector multiplications
Functions for changing the base ring of matrices quickly

Echelon matrices over finite fields.

Miscellaneous matrix functions

Matrix windows

Misc matrix algorithms

Calculate symplectic bases for matrices over fields and the integers.

J-ideals of matrices

42.1 Classesand Methods . . . . . . . . . . . . . . e

Benchmarks for matrices

Indices and Tables

Python Module Index

Index

463

465

475

483

493

503

509

521

523

529

557

561

567

577

581

583

585

589

591

595

603
604

613

623

625

627




Sage 9.4 Reference Manual: Matrices and Spaces of Matrices, Release 9.4

Sage provides native support for working with matrices over any commutative or noncommutative ring. The parent
object for a matrix is a matrix space MatrixSpace(R, n, m) of all n X m matrices over a ring R.

To create a matrix, either use the matrix(...) function or create a matrix space using the MatrixSpace command
and coerce an object into it.

Matrices also act on row vectors, which you create using the vector(...) command or by making a VectorSpace
and coercing lists into it. The natural action of matrices on row vectors is from the right. Sage currently does not have
a column vector class (on which matrices would act from the left), but this is planned.

In addition to native Sage matrices, Sage also includes the following additional ways to compute with matrices:

* Several math software systems included with Sage have their own native matrix support, which can be used from
Sage. E.g., PARI, GAP, Maxima, and Singular all have a notion of matrices.

e The GSL C-library is included with Sage, and can be used via Cython.
* The scipy module provides support for sparse numerical linear algebra, among many other things.

e The numpy module, which you load by typing import numpy is included standard with Sage. It contains a
very sophisticated and well developed array class, plus optimized support for numerical linear algebra. Sage’s
matrices over RDF and CDF (native floating-point real and complex numbers) use numpy.

Finally, this module contains some data-structures for matrix-like objects like operation tables (e.g. the multiplication
table of a group).

CONTENTS 1
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MATRIX S

PACES

You can create any space Mat,, x.,, (R) of either dense or sparse matrices with given number of rows and columns over

any commutative or noncommutative ring.

EXAMPLES:

sage: MS = MatrixSpace(QQ,6,6,sparse=True); MS

Full MatrixSpace of 6 by 6 sparse matrices over Rational Field
sage: MS.base_ring()

Rational Field

sage: MS = MatrixSpace(ZZ,3,5,sparse=False); MS

Full MatrixSpace of 3 by 5 dense matrices over Integer Ring

class sage.matrix.matrix_space.MatrixSpace (base_ring, nrows, ncols, sparse, implementation)
Bases: sage.structure.unique_representation.UniqueRepresentation, sage.s
parent.Parent

The space of matrices of given size and base ring

EXAMPLES:

Some examples of square 2 by 2 rational matrices:

tructure.

sage: MS = MatrixSpace(QQ, 2)
sage: MS.dimension()

4

sage: MS.dims(Q)

@, 2)

sage: B = MS.basis(Q)

sage: list(B)

[

[1 0] [0 1] [0 0] I[O 0]

[6 0], [® 0], [1 0], [0 1]

]
sage: B[0,0]
[1 0]

[0 0]

sage: B[0,1]
[0 1]

[0 0]

sage: B[1,0]
[0 0]

[1 0]

sage: B[1,1]

(continues

on next page)
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(continued from previous page)

[0 0]

[0 1]

sage: A = MS.matrix([1,2,3,4])
sage: A

[1 2]

[3 4]

The above matrix A can be multiplied by a 2 by 3 integer matrix:

sage: MS2 = MatrixSpace(ZZ, 2, 3)
sage: B = MS2.matrix([1,2,3,4,5,6])
sage: A *

[ 9 12 15]

[19 26 33]

Check categories:

sage: MatrixSpace(ZZ,10,5)

Full MatrixSpace of 10 by 5 dense matrices over Integer Ring

sage: MatrixSpace(ZZ,10,5).category()

Category of infinite enumerated finite dimensional modules with basis over
(euclidean domains and infinite enumerated sets and metric spaces)

sage: MatrixSpace(ZZ,10,10).category()

Category of infinite enumerated finite dimensional algebras with basis over
(euclidean domains and infinite enumerated sets and metric spaces)

sage: MatrixSpace(QQ, 10).category(Q)

Category of infinite finite dimensional algebras with basis over
(number fields and quotient fields and metric spaces)

base_extend(R)
Return base extension of this matrix space to R.

INPUT:

* R-ring
OUTPUT: a matrix space
EXAMPLES:

sage: Mat(ZZ,3,5).base_extend(QQ)

Full MatrixSpace of 3 by 5 dense matrices over Rational Field
sage: Mat(QQ,3,5).base_extend(GF(7))

Traceback (most recent call last):

TypeError: no base extension defined

basis()
Return a basis for this matrix space.

Warning: This will of course compute every generator of this matrix space. So for large dimensions,
this could take a long time, waste a massive amount of memory (for dense matrices), and is likely not
very useful. Don’t use this on large matrix spaces.

4 Chapter 1. Matrix Spaces



Sage 9.4 Reference Manual: Matrices and Spaces of Matrices, Release 9.4

EXAMPLES:

sage: list(Mat(ZZ,2,2).basis())
[

[1 0] [0 1] ([0 0] [0 0]

[0 0], [0 0], [1 0], [0 1]

]

cached_method (f, name=None, key=None, do_pickle=None)
A decorator for cached methods.

EXAMPLES:

In the following examples, one can see how a cached method works in application. Below, we demonstrate
what is done behind the scenes:

sage: class C:

ceeet @cached_method

ceeet def __hash__(self):

I print("compute hash™)

eeeet return int(5)

et @cached_method

et def f(self, x):

ceee print("computing cached method")
Ceeat return x*2

sage: ¢ = CO

sage: type(C.__hash__)

<type 'sage.misc.cachefunc.CachedMethodCallerNoArgs'>
sage: hash(c)

compute hash

5

When calling a cached method for the second time with the same arguments, the value is gotten from the
cache, so that a new computation is not needed:

sage: hash(c)

5

sage: c.f(4)

computing cached method
8

sage: c.f(4) is c.f(4)
True

Different instances have distinct caches:

sage: d = CO
sage: d.f(4) is c.f(4)
computing cached method

False

sage: d.f.clear_cache()
sage: c.f(4)

8

sage: d.f(4)

computing cached method
8
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Using cached methods for the hash and other special methods was implemented in trac ticket #12601, by
means of CachedSpecialMethod. We show that it is used behind the scenes:

sage: cached_method(c.__hash__)
<sage.misc.cachefunc.CachedSpecialMethod object at ...>
sage: cached_method(c.f)
<sage.misc.cachefunc.CachedMethod object at ...>

The parameter do_pickle can be used if the contents of the cache should be stored in a pickle of the cached
method. This can be dangerous with special methods such as __hash__:

sage: class C:

I @cached_method(do_pickle=True)
ceead def __hash__(self):

ceeat return id(self)

sage: import __main__

sage: __main__.C = C

sage: ¢ = CO

sage: hash(c) # random output
sage: d = loads(dumps(c))
sage: hash(d) == hash(c)

However, the contents of a method’s cache are not pickled unless do_pickle is set:

sage: class C:

ceeat @cached_method
ceead def __hash__(self):
ceeat return id(self)

sage: __main__.C = C

sage: ¢ = CO

sage: hash(c) # random output
sage: d = loads(dumps(c))
sage: hash(d) == hash(c)

cardinality(Q)
Return the number of elements in self.

EXAMPLES:

sage: MatrixSpace(GF(3), 2, 3).cardinality()
729

sage: MatrixSpace(ZZ, 2).cardinality()
+Infinity

sage: MatrixSpace(ZZ, 0, 3).cardinality(Q)

1

change_ring(R)
Return matrix space over R with otherwise same parameters as self.

INPUT:
* R-ring

6 Chapter 1. Matrix Spaces
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OUTPUT: a matrix space
EXAMPLES:

sage: Mat(QQ,3,5).change_ring(GF(7))
Full MatrixSpace of 3 by 5 dense matrices over Finite Field of size 7

characteristic()
Return the characteristic.

EXAMPLES:

sage: MatrixSpace(ZZ, 2).characteristic()

0

sage: MatrixSpace(GF(9), 0).characteristic()
3

column_space()
Return the module spanned by all columns of matrices in this matrix space. This is a free module of rank
the number of columns. It will be sparse or dense as this matrix space is sparse or dense.

EXAMPLES:

sage: M = Mat(GF(9,'a'),20,5,sparse=True); M.column_space()
Sparse vector space of dimension 20 over Finite Field in a of size 342

construction()
EXAMPLES:

sage: A = matrix(ZZ, 2, [1..4], sparse=True)

sage: A.parent().construction()

(MatrixFunctor, Integer Ring)

sage: A.parent().construction()[0](QQ['x"'])

Full MatrixSpace of 2 by 2 sparse matrices over Univariate Polynomial Ring in x.
—~over Rational Field

sage: parent(A/2)

Full MatrixSpace of 2 by 2 sparse matrices over Rational Field

diagonal_matrix(entries)
Create a diagonal matrix in self using the specified elements

INPUT:
* entries — the elements to use as the diagonal entries

self must be a space of square matrices. The length of entries must be less than or equal to the matrix
dimensions. If the length of entries is less than the matrix dimensions, entries is padded with zeroes
at the end.

EXAMPLES:

sage: MS1 = MatrixSpace(ZZ,4)

sage: MS2 = MatrixSpace(QQ,3,4)

sage: I = MSl.diagonal matrix([1, 2, 3, 4])
sage: I

[1 00 0]

[0 2 0 0]

[0 0 3 0]

(continues on next page)
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[0 0 0 4]
sage: MS2.diagonal_matrix([1, 2])
Traceback (most recent call last):

TypeError: diagonal matrix must be square
sage: MSl.diagonal_matrix([1, 2, 3, 4, 5])
Traceback (most recent call last):

ValueError: number of diagonal matrix entries (5) exceeds the matrix size (4)
sage: MSl.diagonal_matrix([1/2, 2, 3, 4])

Traceback (most recent call last):

TypeError: no conversion of this rational to integer

Check different implementations:

sage: M1 = MatrixSpace(ZZ, 2, implementation='flint')
sage: M2 = MatrixSpace(ZZ, 2, implementation='generic')

sage: type(Ml.diagonal _matrix([1, 2]))
<type 'sage.matrix.matrix_integer_dense.Matrix_integer_dense'>
sage: type(M2.diagonal_matrix([1, 2]))
<type 'sage.matrix.matrix_generic_dense.Matrix_generic_dense'>

dimension()
Return (m rows) * (n cols) of self as Integer.

EXAMPLES:

sage: MS = MatrixSpace(ZZ,4,6)
sage: u = MS.dimension()

sage: u - 24 ==

True

dims ()
Return (m row, n col) representation of self dimension.

EXAMPLES:

sage: MS = MatrixSpace(ZZ,4,6)
sage: MS.dims(Q)
4, 6

gen(n)
Return the n-th generator of this matrix space.

This does not compute all basis matrices, so it is reasonably intelligent.

EXAMPLES:

sage: M = Mat(GF(7),10000,5); M.ngens()
50000

sage: a = M.10

sage: a[:4]

[0 0 0 0 0]

(continues on next page)
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(continued from previous page)

[0 0 00 0]
[1000 0]
[0 00 0 0]
identity_matrix()

Return the identity matrix in self.

self must be a space of square matrices. The returned matrix is immutable. Please use copy if you want
a modified copy.

EXAMPLES:

sage: MS1 = MatrixSpace(ZZ,4)
sage: MS2 = MatrixSpace(QQ,3,4)
sage: I = MSl.identity_matrix()
sage: I

[1 00 0]

[0 10 0]

[0 0 1 0]

[0 0 0 1]

sage: Er = MS2.identity_matrix()
Traceback (most recent call last):

TypeError: identity matrix must be square

is_dense()
Return whether matrices in self are dense.

EXAMPLES:

sage: Mat(RDF,2,3).is_sparse()

False

sage: Mat(RR,123456,22,sparse=True).is_sparse()
True

is_finite()
Return whether this matrix space is finite.

EXAMPLES:

sage: MatrixSpace(GF(101), 10000).is_finite()
True

sage: MatrixSpace(QQ, 2).is_finite()

False

is_sparse()
Return whether matrices in self are sparse.

EXAMPLES:

sage: Mat(GF(2011),10000).is_sparse()

False

sage: Mat(GF(2011),10000,sparse=True).is_sparse()
True
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matrix (x=None, **kwds)
Create a matrix in self.

INPUT:

¢ x — data to construct a new matrix from. See matrix()

* coerce — (default: True) if False, assume without checking that the values in x lie in the base ring
OUTPUT:

* amatrix in self.

EXAMPLES:

sage: M = MatrixSpace(ZZ, 2)
sage: M.matrix([[1,0],[0,-111)
[ 1 0]

[ 0 -1]

sage: M.matrix([1,0,0,-1])

[ 1 0]

[ 0 -1]

sage: M.matrix([1,2,3,4])

[1 2]

[3 4]

Note that the last “flip”” cannot be performed if x is a matrix, no matter what is rows (it used to be possible
but was fixed by trac ticket #10793):

sage: projection = matrix(ZZ,[[1,0,0],[0,1,0]1])

sage: projection

[1 0 0]

[0 1 0]

sage: projection.parent()

Full MatrixSpace of 2 by 3 dense matrices over Integer Ring
sage: M = MatrixSpace(ZZ, 3 , 2)

sage: M

Full MatrixSpace of 3 by 2 dense matrices over Integer Ring
sage: M(projection)

Traceback (most recent call last):

ValueError: inconsistent number of rows: should be 3 but got 2

If you really want to make from a matrix another matrix of different dimensions, use either transpose method
or explicit conversion to a list:

sage: M(projection.list())
[1 0]
[0 0]
[1 0]

matrix_space (nrows=None, ncols=None, sparse=False)
Return the matrix space with given number of rows, columns and sparsity over the same base ring as self,
and defaults the same as self.

EXAMPLES:

10 Chapter 1. Matrix Spaces
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sage: M = Mat(GF(7),100,200)

sage: M.matrix_space(5000)

Full MatrixSpace of 5000 by 200 dense matrices over Finite Field of size 7
sage: M.matrix_space(ncols=5000)

Full MatrixSpace of 100 by 5000 dense matrices over Finite Field of size 7
sage: M.matrix_space(sparse=True)

Full MatrixSpace of 100 by 200 sparse matrices over Finite Field of size 7

ncols()
Return the number of columns of matrices in this space.

EXAMPLES:

sage: M = Mat(ZZ['x'],200000,500000,sparse=True)
sage: M.ncols()
500000

ngens ()
Return the number of generators of this matrix space.

This is the number of entries in the matrices in this space.

EXAMPLES:

sage: M = Mat(GF(7),100,200); M.ngens()
20000

nrows ()
Return the number of rows of matrices in this space.

EXAMPLES:

sage: M = Mat(ZZ,200000,500000)
sage: M.nrows()
200000

one()
Return the identity matrix in self.

self must be a space of square matrices. The returned matrix is immutable. Please use copy if you want
a modified copy.

EXAMPLES:

sage: MS1 = MatrixSpace(ZZ,4)
sage: MS2 = MatrixSpace(QQ,3,4)
sage: I = MSl.identity_matrix()
sage: I

[1 00 0]

[0 10 0]

[0 0 1 0]

[0 0 0 1]

sage: Er = MS2.identity_matrix()
Traceback (most recent call last):

TypeError: identity matrix must be square

11
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random_element (density=None, *args, **kwds)

Return a random element from this matrix space.
INPUT:

e density - float or None (default: None); rough measure of the proportion of nonzero entries in the
random matrix; if set to None, all entries of the matrix are randomized, allowing for any element of the
underlying ring, but if set to a float, a proportion of entries is selected and randomized to non-zero
elements of the ring

* *args, **kwds - remaining parameters, which may be passed to the random_element function of the
base ring. (“may be”, since this function calls the randomize function on the zero matrix, which need
not call the random_element function of the base ring at all in general.)

OUTPUT:

e Matrix

Note: This method will randomize a proportion of roughly density entries in a newly allocated zero
matrix.

By default, if the user sets the value of density explicitly, this method will enforce that these entries are
set to non-zero values. However, if the test for equality with zero in the base ring is too expensive, the user
can override this behaviour by passing the argument nonzero=False to this method.

Otherwise, if the user does not set the value of density, the default value is taken to be 1, and the option
nonzero=False is passed to the randomize method.

EXAMPLES:

sage: M = Mat(ZZ, 2, 5).random_element()
sage: TestSuite() .run()

sage: M = Mat(QQ, 2, 5).random_element(density=0.5)
sage: TestSuite().run()

sage: M = Mat(QQ, 3, sparse=True).random_element ()
sage: TestSuite() .run()

sage: M = Mat(GF(9,'a'), 3, sparse=True).random_element()
sage: TestSuite() .run()

row_space()

Return the module spanned by all rows of matrices in this matrix space. This is a free module of rank the
number of rows. It will be sparse or dense as this matrix space is sparse or dense.

EXAMPLES:

sage: M = Mat(ZZ,20,5,sparse=False); M.row_space()
Ambient free module of rank 5 over the principal ideal domain Integer Ring

some_elements()

Return some elements of this matrix space.
See TestSuite for a typical use case.
OUTPUT:

An iterator.

12
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EXAMPLES:

sage: M = MatrixSpace(ZZ, 2, 2)
sage: tuple(M.some_elements())

(

[0 1] [10] [0 1] [6 0] [0 0]
[-1 2], [0 0], [® 0], [1 0], [0 1]
)
sage: M = MatrixSpace(QQ, 2, 3)

sage: tuple(M.some_elements())

(

[ 1/2 -1/2 21 [100] [010] [0601] [600 0] [600 0] [0 0 0]
[ -2 0 1], [0 ® 0], [0 60 0], [0 ©®0 0], [1 ® 0], [0 1 0], [0 0 1]
)
sage: M = MatrixSpace(SR, 2, 2)
sage: tuple(M.some_elements())
(
[some_variable some_variable] [1 0] [0 1] [0 O] [0 0]
[some_variable some_variable], [0 0], [0 0], [1 0], [0 1]
)

submodule (gens, check=True, already_echelonized=False, unitriangular=False, support_order=None,
category=None, *args, **opts)
The submodule spanned by a finite set of matrices.

INPUT:
* gens — a list or family of elements of self
¢ check - (default: True) whether to verify that the clements of gens are in self

* already_echelonized — (default: False) whether the elements of gens are already in (not nec-
essarily reduced) echelon form

e unitriangular — (default: False) whether the lift morphism is unitriangular
* support_order — (optional) either something that can be converted into a tuple or a key function

If already_echelonized is False, then the generators are put in reduced echelon form using
echelonize(), and reindexed by 0, 1, . . ..

Warning: At this point, this method only works for finite dimensional submodules and if matrices can
be echelonized over the base ring.

If in addition unitriangular is True, then the generators are made such that the coefficients of the pivots
are 1, so that lifting map is unitriangular.

The basis of the submodule uses the same index set as the generators, and the lifting map sends y; to gens|i].
See also:

ModulesWithBasis.ParentMethods. submodule ()

EXAMPLES:

sage: M = MatrixSpace(QQ, 2)
sage: mat = M.matrix([[1, 2], [3, 4]11)
sage: X = M.submodule([mat], already_echelonized=True); X

(continues on next page)
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Free module generated by {0} over Rational Field

sage: mat2 = M.matrix([[1, 0], [-3, 2]1]1)
sage: X = M.submodule([mat, mat2])
sage: [X.lift(b) for b in X.basis()]

[

[ 1 0] [0 1]

[-3 2], [3 1]

]

sage: A = matrix([[1, 1], [0, -11D)
sage: B = matrix([[0, 1], [0, 2]1)
sage: X = M.submodule([A, B])

sage: Xp = M.submodule([A, B], support_order=[(0,1), (1,1), (0,0)]1)
sage: [X.lift(b) for b in X.basis()]

[

[ 1 0] [0 1]

[ 0 -3], [0 2]

]
sage: [Xp.lift(b) for b in Xp.basis()]
[
[2/3 1] [-1/3 0]
[ © o], [ © 1]
]

transposed()
The transposed matrix space, having the same base ring and sparseness, but number of columns and rows
is swapped.

EXAMPLES:

sage: MS = MatrixSpace(GF(3), 7, 10)

sage: MS.transposed

Full MatrixSpace of 10 by 7 dense matrices over Finite Field of size 3
sage: MS = MatrixSpace(GF(3), 7, 7)

sage: MS.transposed is MS

True

sage: M = MatrixSpace(ZZ, 2, 3)
sage: M.transposed
Full MatrixSpace of 3 by 2 dense matrices over Integer Ring

zero()
Return the zero matrix in self.

self must be a space of square matrices. The returned matrix is immutable. Please use copy if you want
a modified copy.

EXAMPLES:

sage: z = MatrixSpace(GF(7),2,4).zero_matrix(); z
[0 0 0 O]

[0 0 0 O]

sage: z.is_mutable()

(continues on next page)
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sage.

(continued from previous page)

False

zero_matrix()
Return the zero matrix in self.

self must be a space of square matrices. The returned matrix is immutable. Please use copy if you want
a modified copy.

EXAMPLES:

sage: z = MatrixSpace(GF(7),2,4).zero_matrix(); z
[0 0 0 O]

[0 0 0 O]

sage: z.is_mutable()

False

matrix.matrix_space.dict_to_list (entries, nrows, ncols)
Given a dictionary of coordinate tuples, return the list given by reading off the nrows*ncols matrix in row order.

EXAMPLES:

sage: from sage.matrix.matrix_space import dict_to_list
sage: d = {}

sage: d[(0,0)] 1

sage: d[(1,1)] = 2

sage: dict_to_list(d, 2, 2)

[1, 0, 0, 2]

sage: dict_to_list(d, 2, 3)

[1, 0, 0, 0, 2, 0]

sage.

matrix.matrix_space.get_matrix_class(R, nrows, ncols, sparse, implementation)
Return a matrix class according to the input.

Note: This returns the base class without the category.

INPUT:
* R —abase ring
e nrows — number of rows
* ncols — number of columns
* sparse — (boolean) whether the matrix class should be sparse

* implementation — (None or string or a matrix class) a possible implementation. See the documentation
of the constructor of MatrixSpace.

EXAMPLES:

sage: from sage.matrix.matrix_space import get_matrix_class

sage: get_matrix_class(ZZ, 4, 5, False, None)

<type 'sage.matrix.matrix_integer_dense.Matrix_integer_dense'>
sage: get_matrix_class(ZZ, 4, 5, True, None)

<type 'sage.matrix.matrix_integer_sparse.Matrix_integer_sparse'>

(continues on next page)
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sage: get_matrix_class(ZZ, 3, 3, False, 'flint')

<type 'sage.matrix.matrix_integer_dense.Matrix_integer_dense'>
sage: get_matrix_class(ZZ, 3, 3, False, 'gap')

<type 'sage.matrix.matrix_gap.Matrix_gap'>

sage: get_matrix_class(ZZ, 3, 3, False, 'generic')

<type 'sage.matrix.matrix_generic_dense.Matrix_generic_dense'>

sage: get_matrix_class(GF(2~15), 3, 3, False, None)

<class 'sage.matrix.matrix_gf2e_dense.Matrix_gf2e_dense'>

sage: get_matrix_class(GF(2~17), 3, 3, False, None)

<class 'sage.matrix.matrix_generic_dense.Matrix_generic_dense'>

sage: get_matrix_class(GF(2), 2, 2, False, 'm4ri')

<type 'sage.matrix.matrix_mod2_dense.Matrix_mod2_dense'>

sage: get_matrix_class(GF(4), 2, 2, False, 'm4ri'")

<type 'sage.matrix.matrix_gf2e_dense.Matrix_gf2e_dense'>

sage: get_matrix_class(GF(7), 2, 2, False, 'linbox-float')

<type 'sage.matrix.matrix_modn_dense_float.Matrix_modn_dense_float'>
sage: get_matrix_class(GF(7), 2, 2, False, 'linbox-double')

<type 'sage.matrix.matrix_modn_dense_double.Matrix_modn_dense_double'>

sage: get_matrix_class(RDF, 2, 2, False, 'numpy')

<type 'sage.matrix.matrix_real_double_dense.Matrix_real_double_dense'>

sage: get_matrix_class(CDF, 2, 3, False, 'numpy')

<type 'sage.matrix.matrix_complex_double_dense.Matrix_complex_double_dense'>

sage: get_matrix_class(GF(25,'x'), 4, 4, False, 'meataxe') # optional:.
—meataxe

<type 'sage.matrix.matrix_gfpn_dense.Matrix_gfpn_dense'>

sage: get_matrix_class(IntegerModRing(3), 4, 4, False, 'meataxe') # optional:.
.meataxe

<type 'sage.matrix.matrix_gfpn_dense.Matrix_gfpn_dense'>

sage: get_matrix_class(IntegerModRing(4), 4, 4, False, 'meataxe')

Traceback (most recent call last):

ValueError: 'meataxe' matrix can only deal with finite fields of order < 256
sage: get_matrix_class(GF(next_prime(255)), 4, 4, False, 'meataxe')
Traceback (most recent call last):

ValueError: 'meataxe' matrix can only deal with finite fields of order < 256

sage: get_matrix_class(ZZ, 3, 5, False, 'crazy_matrix')
Traceback (most recent call last):

ValueError: unknown matrix implementation 'crazy_matrix' over Integer Ring
sage: get_matrix_class(GF(3), 2, 2, False, 'm4ri'")
Traceback (most recent call last):

ValueError: 'm4ri' matrices are only available for fields of characteristic 2 and.
—order <= 65536
sage: get_matrix_class(Zmod(2**30), 2, 2, False, 'linbox-float')

(continues on next page)
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Traceback (most recent call last):

ValueError: 'linbox-float' matrices can only deal with order < 256
sage: get_matrix_class(Zmod(2**30), 2, 2, False, 'linbox-double')
Traceback (most recent call last):

ValueError: 'linbox-double' matrices can only deal with order < 8388608

sage: type(matrix(SR, 2, 2, 0))

<type 'sage.matrix.matrix_symbolic_dense.Matrix_symbolic_dense'>

sage: type(matrix(GF(7), 2, range(4)))

<type 'sage.matrix.matrix_modn_dense_float.Matrix_modn_dense_float'>
sage: type(matrix(GF(16007), 2, range(4)))

<type 'sage.matrix.matrix_modn_dense_double.Matrix_modn_dense_double'>
sage: type(matrix(CBF, 2, range(4)))

<type 'sage.matrix.matrix_complex_ball_dense.Matrix_complex_ball_dense'>
sage: type(matrix(GF(2), 2, range(4)))

<type 'sage.matrix.matrix_mod2_dense.Matrix_mod2_dense'>

sage: type(matrix(GF(64,'z'), 2, range(4)))

<type 'sage.matrix.matrix_gf2e_dense.Matrix_gf2e_dense'>

sage: type(matrix(GF(125,'z"), 2, range(4))) # optional: meataxe
<type 'sage.matrix.matrix_gfpn_dense.Matrix_gfpn_dense'>

sage.

matrix.matrix_space.is_MatrixSpace(x)
Return whether self is an instance of MatrixSpace

EXAMPLES:

sage: from sage.matrix.matrix_space import is_MatrixSpace
sage: MS = MatrixSpace(QQ,2)

sage: A = MS.random_element()

sage: is_MatrixSpace(lMS)

True

sage: is_MatrixSpace(A)

False

sage: is_MatrixSpace(5)

False

sage.

matrix.matrix_space.test_trivial_matrices_inverse(ring, sparse=True, implementation=None,
checkrank=True)
Tests inversion, determinant and is_invertible for trivial matrices.

This function is a helper to check that the inversion of trivial matrices (of size 0x0, nx0, Oxn or 1x1) is handled
consistently by the various implementation of matrices. The coherency is checked through a bunch of assertions.
If an inconsistency is found, an AssertionError is raised which should make clear what is the problem.

INPUT:

* ring - aring

e sparse - a boolean

¢ checkrank - a boolean
OUTPUT:

* nothing if everything is correct, otherwise raise an AssertionError
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The methods determinant, is_invertible, rank and inverse are checked for
¢ the 0x0 empty identity matrix
¢ the 0x3 and 3x0 matrices
¢ the 1x1 null matrix [0]
¢ the 1x1 identity matrix [1]

If checkrank is False then the rank is not checked. This is used the check matrix over ring where echelon form
is not implemented.

Todo: This must be adapted to category check framework when ready (see trac ticket #5274).
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CHAPTER
TWO

GENERAL MATRIX CONSTRUCTOR AND DISPLAY OPTIONS

sage.matrix.constructor.Matrix(*args, **kwds)
Create a matrix.

This implements the matrix constructor:

sage: matrix([[1,2],[3,41])
[1 2]
[3 4]

It also contains methods to create special types of matrices, see matrix. [tab] for more options. For example:

sage: matrix.identity(2)
[1 0]
[0 1]

INPUT:

The matrix command takes the entries of a matrix, optionally preceded by a ring and the dimensions of the
matrix, and returns a matrix.

The entries of a matrix can be specified as a flat list of elements, a list of lists (i.e., a list of rows), a list of Sage
vectors, a callable object, or a dictionary having positions as keys and matrix entries as values (see the examples).
If you pass in a callable object, then you must specify the number of rows and columns. You can create a matrix
of zeros by passing an empty list or the integer zero for the entries. To construct a multiple of the identity (cI),
you can specify square dimensions and pass in c. Calling matrix() with a Sage object may return something that
makes sense. Calling matrix() with a NumPy array will convert the array to a matrix.

All arguments (even the positional) are optional.
Positional and keyword arguments:

* ring — parent of the entries of the matrix (despite the name, this is not a priori required to be a ring). By
default, determine this from the given entries, falling back to ZZ if no entries are given.

¢ nrows — the number of rows in the matrix.
¢ ncols — the number of columns in the matrix.
e entries — see examples below.

If either nrows or ncols is given as keyword argument, then no positional arguments nrows and ncols may be
given.

Keyword-only arguments:

* sparse — (boolean) create a sparse matrix. This defaults to True when the entries are given as a dictionary,
otherwise defaults to False.
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* space — matrix space which will be the parent of the output matrix. This determines ring, nrows, ncols
and sparse.

e immutable — (boolean) make the matrix immutable. By default, the output matrix is mutable.
OUTPUT:
a matrix

EXAMPLES:

sage: m = matrix(2); m; m.parent()

[0 0]

[0 0]

Full MatrixSpace of 2 by 2 dense matrices over Integer Ring

sage: m = matrix(2,3); m; m.parent()

[0 0 0]

[0 0 0]

Full MatrixSpace of 2 by 3 dense matrices over Integer Ring

sage: m = matrix(QQ,[[1,2,3],[4,5,6]]1); m; m.parent()

[12 3]

[4 5 6]

Full MatrixSpace of 2 by 3 dense matrices over Rational Field

sage: m = matrix(QQ, 3, 3, lambda i, j: i+j); m
[0 1 2]

[1 2 3]

[2 3 4]

sage: m = matrix(3, lambda i,j: i-j); m

[ 0 -1 -2]

[1 0 -1]

[2 1 0]

sage: matrix(QQ, 2, 3, lambda x, y: x+y)

[0 1 2]

[1 2 3]

sage: matrix(QQ, 5, 5, lambda x, y: (x+1) / (y+1))
11/2 1/3 1/4 1/5]

2 12/3 1/2 2/5]

33/2 1 3/4 3/5]

4 2 4/3 1 4/5]

5 5/2 5/3 5/4 1]

L T e B s B e B |

sage: vl=vector((1,2,3))

sage: v2=vector((4,5,6))

sage: m = matrix([vl,v2]); m; m.parent()

[12 3]

[4 5 6]

Full MatrixSpace of 2 by 3 dense matrices over Integer Ring

sage: m = matrix(QQ,2,[1,2,3,4,5,6]); m; m.parent()
[1 2 3]

(continues on next page)
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[4 5
Full

6]
MatrixSpace of 2 by 3 dense matrices over Rational Field

sage:

[1 2
[4 5
Full

m = matrix(QQ,2,3,[1,2,3,4,5,6]); m; m.parent()

3]

6]

MatrixSpace of 2 by 3 dense matrices over Rational Field

sage: m = matrix({(0,1): 2, (1,1):2/5}); m; m.parent()

[ 0 2]

[ 0 2/5]

Full MatrixSpace of 2 by 2 sparse matrices over Rational Field
sage: m = matrix(QQ,2,3,{(1,1): 2}); m; m.parent()

[0 0 0]

[0 2 0]

Full MatrixSpace of 2 by 3 sparse matrices over Rational Field
sage: import numpy

sage: n = numpy.array([[1,2],[3,4]],float)

sage: m = matrix(n); m; m.parent()

[1.0 2.0]

[3.0 4.0]

Full MatrixSpace of 2 by 2 dense matrices over Real Double Field
sage: v = vector(ZZ, [1, 10, 100])

sage: m = matrix(v); m; m.parent()

[ 1 10 100]

Full MatrixSpace of 1 by 3 dense matrices over Integer Ring
sage: m = matrix(GF(7), v); m; m.parent()

[1 3 2]

Full MatrixSpace of 1 by 3 dense matrices over Finite Field of size 7
sage: m = matrix(GF(7), 3, 1, v); m; m.parent()

[1]

[3]

[2]

Full MatrixSpace of 3 by 1 dense matrices over Finite Field of size 7
sage: matrix(pari.mathilbert(3))

[ 11/2 1/3]

[1/2 1/3 1/4]

[1/3 1/4 1/5]

sage: g = graphs.PetersenGraph()

sage: m = matrix(g); m; m.parent()

[01 00110600 0]

[101000100 0]

[01 0100010 0]

(00101060601 0]

[10O0 100000 1]

(continues on next page)
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[1000000110]
010000001 1]
001001000 1]
000101100 0]

000010110 0]
Full MatrixSpace of 10 by 10 dense matrices over Integer Ring

sage: matrix(ZzZ, 10, 10, range(100), sparse=True).parent()
Full MatrixSpace of 10 by 10 sparse matrices over Integer Ring

sage: R = PolynomialRing(QQ, 9, 'x")

sage: A = matrix(R, 3, 3, R.gens()); A

[x0 x1 x2]

[x3 x4 x5]

[x6 x7 x8]

sage: det(A)

-X2%x4%x6 + x1*x5%x6 + x2*x3*x7 - x0*x5*%x7 - x1*x3*x8 + x0*x4%*x8

sage: M = Matrix([[1,2,3],[4,5,6]1,[7,8,9]], immutable=True)
sage: M[0] = [9,9,9]
Traceback (most recent call last):

ValueError: matrix is immutable; please change a copy instead (i.e., use copy(M) to.
—.change a copy of M).

sage.

AUTHORS:
» William Stein: Initial implementation
 Jason Grout (2008-03): almost a complete rewrite, with bits and pieces from the original implementation
¢ Jeroen Demeyer (2016-02-05): major clean up, see trac ticket #20015 and trac ticket #20016
¢ Jeroen Demeyer (2018-02-20): completely rewritten using MatrixArgs, see trac ticket #24742

matrix.constructor.matrix(*args, **kwds)
Create a matrix.

This implements the matrix constructor:

sage: matrix([[1,2],[3,41])
[1 2]
[3 4]

It also contains methods to create special types of matrices, see matrix. [tab] for more options. For example:

sage: matrix.identity(2)
[1 0]
[0 1]

INPUT:

The matrix command takes the entries of a matrix, optionally preceded by a ring and the dimensions of the
matrix, and returns a matrix.
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The entries of a matrix can be specified as a flat list of elements, a list of lists (i.e., a list of rows), a list of Sage
vectors, a callable object, or a dictionary having positions as keys and matrix entries as values (see the examples).
If you pass in a callable object, then you must specify the number of rows and columns. You can create a matrix
of zeros by passing an empty list or the integer zero for the entries. To construct a multiple of the identity (cI),
you can specify square dimensions and pass in c. Calling matrix() with a Sage object may return something that
makes sense. Calling matrix() with a NumPy array will convert the array to a matrix.

All arguments (even the positional) are optional.
Positional and keyword arguments:

* ring — parent of the entries of the matrix (despite the name, this is not a priori required to be a ring). By
default, determine this from the given entries, falling back to ZZ if no entries are given.

e nrows — the number of rows in the matrix.
¢ ncols — the number of columns in the matrix.
* entries — see examples below.

If either nrows or ncols is given as keyword argument, then no positional arguments nrows and ncols may be
given.

Keyword-only arguments:

* sparse — (boolean) create a sparse matrix. This defaults to True when the entries are given as a dictionary,
otherwise defaults to False.

* space — matrix space which will be the parent of the output matrix. This determines ring, nrows, ncols
and sparse.

e immutable — (boolean) make the matrix immutable. By default, the output matrix is mutable.
OUTPUT:
a matrix

EXAMPLES:

sage: m = matrix(2); m; m.parent()

[0 0]

[0 0]

Full MatrixSpace of 2 by 2 dense matrices over Integer Ring

sage: m = matrix(2,3); m; m.parent()

[0 0 0]

[0 0 0]

Full MatrixSpace of 2 by 3 dense matrices over Integer Ring

sage: m = matrix(QQ,[[1,2,3],[4,5,6]1]); m; m.parent()

[12 3]

[4 5 6]

Full MatrixSpace of 2 by 3 dense matrices over Rational Field

sage: m = matrix(QQ, 3, 3, lambda i, j: i+j); m
[0 1 2]
[1 2 3]
[2 3 4]
sage: m

matrix(3, lambda i,j: i-j); m

(continues on next page)
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[ 0 -1 -2]
[ 1 0 -1]
[2 1 0]

sage: matrix(QQ, 2, 3, lambda x, y: x+y)
[0 1 2]
[1 2 3]
sage: matrix(QQ, 5, 5, lambda x, y: (x+1) / (y+1))
1/2 1/3 1/4 1/5]
12/3 1/2 2/5]
3/2 1 3/4 3/5]
2 4/3 1 4/5]
5/2 5/3 5/4 1]

e IO s B e I e B e |
v D W N =

sage: vl=vector((1,2,3))

sage: v2=vector((4,5,6))

sage: m = matrix([vl,v2]); m; m.parent()

[1 2 3]

[4 5 6]

Full MatrixSpace of 2 by 3 dense matrices over Integer Ring

sage: m = matrix(QQ,2,[1,2,3,4,5,6]); m; m.parent()

[1 2 3]

[4 5 6]

Full MatrixSpace of 2 by 3 dense matrices over Rational Field

sage: m = matrix(QQ,2,3,[1,2,3,4,5,6]); m; m.parent()

[12 3]

[4 5 6]

Full MatrixSpace of 2 by 3 dense matrices over Rational Field

sage: m = matrix({(0,1): 2, (1,1):2/5}); m; m.parent()
[ 0 2]
[ 0 2/5]

Full MatrixSpace of 2 by 2 sparse matrices over Rational Field

sage: m = matrix(QQ,2,3,{(1,1): 2}); m; m.parent()

[0 0 0]

[0 2 0]

Full MatrixSpace of 2 by 3 sparse matrices over Rational Field

sage: import numpy

sage: n = numpy.array([[1,2],[3,4]1],float)

sage: m = matrix(n); m; m.parent()

[1.0 2.0]

[3.0 4.0]

Full MatrixSpace of 2 by 2 dense matrices over Real Double Field

sage: v vector(ZZ, [1, 10, 100])
sage: m = matrix(v); m; m.parent()

(continues on next page)
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[ 1 10 100]

Full MatrixSpace of 1 by 3 dense matrices over Integer Ring
sage: m = matrix(GF(7), v); m; m.parent()

[13 2]

Full MatrixSpace of 1 by 3 dense matrices over Finite Field of size 7
sage: m = matrix(GF(7), 3, 1, v); m; m.parent()

[1]

[3]

[2]

Full MatrixSpace of 3 by 1 dense matrices over Finite Field of size 7
sage: matrix(pari.mathilbert(3))

[ 11/2 1/3]

[1/2 1/3 1/4]

[1/3 1/4 1/5]

sage: g = graphs.PetersenGraph()

sage: m = matrix(g); m; m.parent()

[01 0011000 0]

[1010600100 0]

01016060010 0]

[0010100010]

[100 100000 1]

[10000OO00110]

01000000 11]

(001001000 1]

(00016011060 0]

(000010110 0]

Full MatrixSpace of 10 by 10 dense matrices over Integer Ring
sage: matrix(Zz, 10, 10, range(100), sparse=True).parent()
Full MatrixSpace of 10 by 10 sparse matrices over Integer Ring
sage: R = PolynomialRing(QQ, 9, 'x")

sage: A = matrix(R, 3, 3, R.gens()); A

[x0 x1 x2]

[x3 x4 x5]

[x6 x7 x8]

sage: det(A)

-X2*x4%x6 + x1*x5%x6 + x2%x3*%x7 - x0*x5*%x7 - x1*x3*x8 + x0*x4*x8

sage: M = Matrix([[1,2,3],[4,5,6]1,[7,8,9]], immutable=True)
sage: M[0] = [9,9,9]
Traceback (most recent call last):

ValueError: matrix is immutable; please change a copy instead (i.e., use copy(M) to.

—~change a copy of M).

AUTHORS:

¢ William Stein: Initial implementation
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 Jason Grout (2008-03): almost a complete rewrite, with bits and pieces from the original implementation
¢ Jeroen Demeyer (2016-02-05): major clean up, see trac ticket #20015 and trac ticket #20016
 Jeroen Demeyer (2018-02-20): completely rewritten using MatrixArgs, see trac ticket #24742

sage.matrix.constructor.options(*get_value, **set_value)

Global options for matrices.
OPTIONS:

e format_numeric — (default: {:.{prec}}) string used for formatting floating point numbers of an (op-
tional) precision prec; only supported for entry types implementing __format__

* max_cols — (default: 49) maximum number of columns to display

e max_rows — (default: 19) maximum number of rows to display

* precision — (default: None) number of digits to display for floating point entries; if None, the exact
representation is used instead. This option is also set by the [Python magic %precision.

EXAMPLES:

|
(o3}

sage: matrix.options.max_cols =
sage: matrix.options.max_rows = 3

sage: matrix(ZzZ, 3, 6)

[00 00 0 0]

[00 00 06 0]

[00 00 06 0]

sage: matrix(ZzZ, 3, 7)

3 x 7 dense matrix over Integer Ring...
sage: matrix(ZzZ, 4, 6)

4 x 6 dense matrix over Integer Ring...
sage: matrix.options._reset()

The precision can also be set via the IPython magic:

sage: from sage.repl.interpreter import get_test_shell
sage: shell = get_test_shell()
sage: shell.run_cell('%precision 5")

'%.5f"

sage: matrix.options.precision

5

sage: A = matrix(RR, [[200/3]]); A
[66.667]

The number format can be specified as well:

sage: matrix.options.format_numeric = '{:.{prec}te}’
sage: A

[6.66667e+1]

sage: matrix.options.format_numeric = '{:.{prec}f}’
sage: A

[66.66667]

sage: matrix.options.format_numeric = '{:+.{prec}g}’
sage: A

(continues on next page)
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[+66.667]
sage: matrix.options._reset()

See GlobalOptions for more features of these options.
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CHAPTER
THREE

CONSTRUCTORS FOR SPECIAL MATRICES

This module gathers several constructors for special, commonly used or interesting matrices. These can be reached

through matrix.<tab>.

For example, here is a circulant matrix of order five:

sage: matrix.circulant(SR.var('a b c d e'))
[abcde]
[e a b cd]
[deabcc]
[c de ab]
[bcde a]

The following constructions are available:

block_diagonal_matrix()

block_matrix()

circulant()

column_matrix()

companion_matrix()

diagonal_matrix()

elementary_matrix()

hankel ()

hilbert()

identity_matrix()

ith_to_zero_rotation_matrix()

jordan_block()

lehmer ()

ones_matrix()

random_matrix()

random_diagonalizable_matrix()

random_echelonizable_matrix()

random_rref_matrix()

random_subspaces_matrix()

random_unimodular_matrix()

toeplitz()

vandermonde ()

vector_on_axis_rotation_matrix()

zero_matrix()

The Combinatorics module provides further matrix constructors, such as Hadamard matrices and Latin squares. See:
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sage.

sage.combinat.matrices.hadamard_matrix
sage.combinat.matrices.latin

matrix.special.block_diagonal_matrix(*sub_matrices, **kwds)
This function is available as block_diagonal_matrix(...) and matrix.block_diagonal(...).

Create a block matrix whose diagonal block entries are given by sub_matrices, with zero elsewhere.
See also block_matrix().

EXAMPLES:

sage: A = matrix(ZZ, 2, [1,2,3,4])
sage: block_diagonal_matrix(A, A)
[1 2]0 0]
[3 4]0 0]
[---+---]
[0 0|1 2]
[0 03 4]

The sub-matrices need not be square:

sage: B = matrix(QQ, 2, 3, range(6))
sage: block_diagonal_matrix(~A, B)

[ -2 1] 0 0 0]

[ 3/2 -1/2]| 0 0 0]

sage.

matrix.special.block_matrix(*args, **kwds)
This function is available as block_matrix(...) and matrix.block(...).

Return a larger matrix made by concatenating submatrices (rows first, then columns). For example, the matrix

[ AB]
[CD]

is made up of submatrices A, B, C, and D.
INPUT:

The block_matrix command takes a list of submatrices to add as blocks, optionally preceded by a ring and the
number of block rows and block columns, and returns a matrix.

The submatrices can be specified as a list of matrices (using nrows and ncols to determine their layout), or a
list of lists of matrices, where each list forms a row.

* ring - the base ring

e nrows - the number of block rows

* ncols - the number of block cols

e sub_matrices - matrices (see below for syntax)

¢ subdivide - boolean, whether or not to add subdivision information to the matrix
* sparse - boolean, whether to make the resulting matrix sparse

EXAMPLES:
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sage: A = matrix(QQ, 2, 2, [3,9,6,10])
sage: block_matrix([ [A, -A]l, [~A, 100%A] 1)

[ 3 91 -3 -9]
[ 6 18] -6 -10]
[----mmm- Fom oo ]

[-5/12  3/8] 300 900]
[ 1/4 -1/8] 600 1000]

If the number of submatrices in each row is the same, you can specify the submatrices as a single list too:

sage: block_matrix(2, 2, [ A, A, A, A ])
[ 3 913 9]
[ 6 10] 6 10]
[----—+-----]
[ 3 9] 3 9]
[ 6 10] 6 10]

One can use constant entries:

sage: block_matrix([ [1, A]l, [0, 1] D)
[ 1 0 3 9]
[ ® 1| 6 10]
[----- +----- ]
[ O 0 1 0]
[O®O O 0 1]

A zero entry may represent any square or non-square zero matrix:

sage: B = matrix(QQ, 1, 1, [ 1 1)

sage: C = matrix(QQ, 2, 2, [ 2, 3, 4, 51)
sage: block_matrix([ [B, 0], [0, C] 1D

[1]10 0]

[-+---]

[0]2 3]

[0]4 5]

One can specify the number of rows or columns as keywords too:

sage: block_matrix([A, -A, ~A, 100%A], ncols=4)
[ 3 9| -3 -9|-5/12 3/8| 300 900]
[ 6 10| -6 -10| 1/4 -1/8] 600 1000]

sage: block_matrix([A, -A, ~A, 100%A], nrows=1)
L 3 9| -3 -9]-5/12 3/8] 300 900]
L 6 10| -6 -10] 1/4 -1/8] 600 1000]

It handles base rings nicely too:

sage: R.<x> = ZZ['x']
sage: block_matrix(2, 2, [1/2, A, 0, x-1])
[ 1/2 0 3 9]

[ 0 1/2] 6 10]
O oo ]
[ 0 Olx -1 0]

(continues on next page)
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[ 0 0] 0 x - 1]

sage: block_matrix(2, 2, [1/2, A, 0, x-1]).parent()
Full MatrixSpace of 4 by 4 dense matrices over Univariate Polynomial Ring in x over.
—Rational Field

Subdivisions are optional. If they are disabled, the columns need not line up:

sage: B = matrix(QQ, 2, 3, range(6))
sage: block matrix([ [~A, B], [B, ~A] ], subdivide=False)

[-5/12  3/8 0 1 2]
[ 1/4 -1/8 3 4 5]
[ 0 1 2 -5/12  3/8]
[ 3 4 5 1/4 -1/8]

Without subdivisions it also deduces dimensions for scalars if possible:

sage: C = matrix(ZZ, 1, 2, range(2))

sage: block matrix([ [ C, ®© 1, [ 3, 41, [ 5, 6, C ] 1, subdivide=False )
[0 10 0]

[30 4 0]

[0 3 0 4]

[560 1]

If all submatrices are sparse (unless there are none at all), the result will be a sparse matrix. Otherwise it will be
dense by default. The sparse keyword can be used to override this:

sage: A = Matrix(ZzZ, 2, 2, [0, 1, 0, 0], sparse=True)

sage: block matrix([ [ A ], [ A1 ]1).parent(Q)

Full MatrixSpace of 4 by 2 sparse matrices over Integer Ring
sage: block_matrix([ [ A ], [ A ] ], sparse=False).parent()
Full MatrixSpace of 4 by 2 dense matrices over Integer Ring

Consecutive zero submatrices are consolidated.

sage: B = matrix(2, range(4))

sage: C = matrix(2, 8, range(16))

sage: block_matrix(2, [[B,0,0,B],[C]], subdivide=False)
O 06 0 0 0 1]

O 06 0 0 2 3]

2 3 4 5 6 7]

0 1
2 3
0 1
8 910 11 12 13 14 15]

(o T e B e B |

Ambiguity is not tolerated.

sage: B = matrix(2, range(4))

sage: C = matrix(2, 8, range(16))

sage: block_matrix(2, [[B,0,B,0],[C]], subdivide=False)
Traceback (most recent call last):

ValueError: insufficient information to determine submatrix widths

Giving only a flat list of submatrices does not work:

32 Chapter 3. Constructors for special matrices



Sage 9.4 Reference Manual: Matrices and Spaces of Matrices, Release 9.4

sage: A = matrix(2, 3, range(6))
sage: B = matrix(3, 3, range(9))
sage: block_matrix([A, A, B, B])
Traceback (most recent call last):

ValueError: must specify either nrows or ncols

sage.matrix.special.circulant (v, sparse=None)
This function is available as circulant(...) and matrix.circulant(...).

Return the circulant matrix specified by its st row v

A circulant n X n matrix specified by the 1st row v = (vg...v,—1) is the matrix (¢;;)o<i, j<n—1, Where ¢;; =
Vj—i mod b-
INPUT:

e v —a list or a vector of values

* sparse — None by default; if sparse is set to True, the output will be sparse. Respectively, setting it to
False produces dense output. If sparse is not set, and if v is a vector, the output sparsity is determined
by the sparsity of v; else, the output will be dense.

EXAMPLES:

sage: v=[1,2,3,4,8]

sage: matrix.circulant(v)
[123438]

[8 12 3 4]

[4 812 3]

[3481 2]

[2 3438 1]

sage: m = matrix.circulant(vector(GF(3),[0,1,-1],sparse=True)); m
[0 1 2]

[2 0 1]

[1 2 0]

sage: m.is_sparse()

True

sage.matrix.special.column_matrix(*args, **kwds)
This function is available as column_matrix(...) and matrix.column(...).

Construct a matrix, and then swap rows for columns and columns for rows.

Note: Linear algebra in Sage favors rows over columns. So, generally, when creating a matrix, input vectors
and lists are treated as rows. This function is a convenience that turns around this convention when creating a
matrix. If you are not familiar with the usual matrix () constructor, you might want to consider it first.

INPUT:

Inputs are almost exactly the same as for the matrix () constructor, which are documented there. But see exam-
ples below for how dimensions are handled.

OUTPUT:

Output is exactly the transpose of what the matrix () constructor would return. In other words, the matrix
constructor builds a matrix and then this function exchanges rows for columns, and columns for rows.
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EXAMPLES:

The most compelling use of this function is when you have a collection of lists or vectors that you would like to
become the columns of a matrix. In almost any other situation, the matrix" () constructor can probably do the
job just as easily, or easier.

sage: col_1 = [1,2,3]

sage: col_2 = [4,5,6]

sage: column_matrix([col_1, col_2])
[1 4]

[2 5]

[3 6]

sage: vl = vector(QQ, [10, 20])
sage: v2 = vector(QQ, [30, 40]1)
sage: column_matrix(QQ, [v1l, v2])
[10 30]

[20 40]

If you only specify one dimension along with a flat list of entries, then it will be the number of columns in the
result (which is different from the behavior of the matrix constructor).

sage: column_matrix(ZZ, 8, range(24))
[0 3 6 9 12 15 18 21]
[ 1 4 7 10 13 16 19 22]
[ 2 5 8 11 14 17 20 23]

And when you specify two dimensions, then they should be number of columns first, then the number of rows,
which is the reverse of how they would be specified for the matrix constructor.

sage: column_matrix(QQ, 5, 3, range(l5))
[0 3 6 9 12]
[ 1 4 7 10 13]
[ 2 5 8 11 14]

And a few unproductive, but illustrative, examples.

sage: A = matrix(ZZ, 3, 4, range(12))

sage: B = column_matrix(ZZ, 3, 4, range(12))
sage: A == B.transpose()

True

sage: A = matrix(QQ, 7, 12, range(84))
sage: = column_matrix(A.columns())
True

=
Il

sage: A = column_matrix(QQ, matrix(ZZ, 3, 2, range(6)) )
sage: A

[0 2 4]

[1 3 5]

sage: A.parent()

Full MatrixSpace of 2 by 3 dense matrices over Rational Field

sage.

matrix.special.companion_matrix(poly, format="right")
This function is available as companion_matrix(...) and matrix.companion(...).

34

Chapter 3. Constructors for special matrices




Sage 9.4 Reference Manual: Matrices and Spaces of Matrices, Release 9.4

Create a companion matrix from a monic polynomial.

INPUT:

poly — a univariate polynomial, or an iterable containing the coefficients of a polynomial, with low-degree
coefficients first. The polynomial (or the polynomial implied by the coefficients) must be monic. In other
words, the leading coefficient must be one. A symbolic expression that might also be a polynomial is not
proper input, see examples below.

format — default: ‘right’ - specifies one of four variations of a companion matrix. Allowable values are
‘right’, ‘left’, ‘top’ and ‘bottom’, which indicates which border of the matrix contains the negatives of the
coefficients.

OUTPUT:

A square matrix with a size equal to the degree of the polynomial. The returned matrix has ones above, or below
the diagonal, and the negatives of the coefficients along the indicated border of the matrix (excepting the leading

one ¢

oefficient). See the first examples below for precise illustrations.

EXAMPLES:

Each

of the four possibilities. Notice that the coefficients are specified and their negatives become the entries of

the matrix. The leading one must be given, but is not used. The permutation matrix P is the identity matrix, with
the columns reversed. The last three statements test the general relationships between the four variants.

sage:
sage:

[0 0
[10
01
00
[0 0

sage:

[61
[50
[4 0
30
[2 0

sage:

01
00
00
[0 0
[2 3

sage:

[6 5
[10
01
[0 0
[0 0

sage:
sage:
sage:

True

sage:

True

poly = [-2, -3, -4, -5, -6, 1]

R = companion_matrix(poly, format='right'); R
0 0 2]

0 0 3]

0 0 4]

10 5]

® 1 6]

L = companion_matrix(poly, format='left'); L
0 0 0]

10 0]

0 1 0]

0 0 1]

0 0 0]

B = companion_matrix(poly, format='bottom'); B
0 0 0]

10 0]

0 1 0]

0 0 1]

4 5 6]

T = companion_matrix(poly, format="top'); T
4 3 2]

0 0 0]

0 0 0]

10 0]

0 1 0]

perm = Permutation([5, 4, 3, 2, 1])

P = perm.to_matrix()

L == P*R*P

B == R.transpose()

(continues on next page)
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sage: T == P*R.transpose()*P
True

A polynomial may be used as input, however a symbolic expression, even if it looks like a polynomial, is not
regarded as such when used as input to this routine. Obtaining the list of coefficients from a symbolic polynomial
is one route to the companion matrix.

sage: x = polygen(QQ, 'x")
sage: p = x*3 - 4*x*2 + 8%x - 12
sage: companion_matrix(p)

[ 0 0 12]
[1 0 -8]
[0 1 4]

sage: y = var('y")

sage: q = y*3 2%y + 1

sage: companion_matrix(q)
Traceback (most recent call last):

TypeError: input must be a polynomial (not a symbolic expression, see docstring),.
—or other iterable, not y*3 - 2%y + 1

sage: coeff list = [g(y=0)] + [q.coefficient(y*k) for k in range(l, qg.degree(y)+1)]
sage: coeff list

[1, -2, 0, 1]

sage: companion_matrix(coeff_list)
[® 0 -1]

[1 0 2]

[0 1 0]

The minimal polynomial of a companion matrix is equal to the polynomial used to create it. Used in a block
diagonal construction, they can be used to create matrices with any desired minimal polynomial, or characteristic
polynomial.

sage: t = polygen(QQ, 't'")

sage: p = tAl2 - 7%tr + 28%tr2 - 456

sage: C = companion_matrix(p, format='top')
sage: q = C.minpoly(var="t"'); q

tAl12 - 7Ftr4 4+ 28%tA2 - 456

sage: p == ¢

True

sage: p = t*3 + 3*t - 8

sage: q = t*5 + t - 17

sage: A = block_diagonal matrix( companion_matrix(p),
ieaat companion_matrix(p”2),
ceet companion_matrix(q),
et companion_matrix(q) )
sage: A.charpoly(var='t"').factor()

(tr3 + 3%t - 8)A3 * (tAS5 + t - 17)A2

sage: A.minpoly(var='t').factor()

(tA3 + 3%t - 8)42 * (tA5 + t - 17)
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sage.

AUTHOR:
e Rob Beezer (2011-05-19)

matrix.special.diagonal_matrix(arg0=None, argl=None, arg2=None, sparse=True)
This function is available as diagonal_matrix(...) and matrix.diagonal(...).

Return a square matrix with specified diagonal entries, and zeros elsewhere.
FORMATS:

1. diagonal_matrix(entries)

2. diagonal_matrix(nrows, entries)

3. diagonal_matrix(ring, entries)

4. diagonal_matrix(ring, nrows, entries)
INPUT:

* entries - the values to place along the diagonal of the returned matrix. This may be a flat list, a flat tuple,
a vector or free module element, or a one-dimensional NumPy array.

* nrows - the size of the returned matrix, which will have an equal number of columns

* ring - the ring containing the entries of the diagonal entries. This may not be specified in combination
with a NumPy array.

* sparse - default: True - whether or not the result has a sparse implementation.
OUTPUT:

A square matrix over the given ring with a size given by nrows. If the ring is not given it is inferred from the
given entries. The values on the diagonal of the returned matrix come from entries. If the number of entries
is not enough to fill the whole diagonal, it is padded with zeros.

EXAMPLES:
We first demonstrate each of the input formats with various different ways to specify the entries.

Format 1: a flat list of entries.

sage: A = diagonal_matrix([2, 1.3, 5]); A

[ 2.00000000000000 0.000000000000000 0.000000000000000]

[0.000000000000000 1.30000000000000 0.000000000000000]

[0.000000000000000 0.000000000000000 5.00000000000000]

sage: A.parent()

Full MatrixSpace of 3 by 3 sparse matrices over Real Field with 53 bits of precision

Format 2: size specified, a tuple with initial entries. Note that a short list of entries is effectively padded with
Zeros.

sage: A = diagonal_matrix(3, (4, 5)); A

[4 0 0]

[0 5 0]

[0 0 0]

sage: A.parent()

Full MatrixSpace of 3 by 3 sparse matrices over Integer Ring

Format 3: ring specified, a vector of entries.
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sage: A = diagonal_matrix(QQ, vector(Zz, [1,2,3]1)); A

[1 0 0]

[0 2 0]

[0 0 3]

sage: A.parent()

Full MatrixSpace of 3 by 3 sparse matrices over Rational Field

Format 4: ring, size and list of entries.

sage: A = diagonal_matrix(FiniteField(3), 3, [2, 16]); A

[2 0 0]

[0 1 0]

[0 0 0]

sage: A.parent()

Full MatrixSpace of 3 by 3 sparse matrices over Finite Field of size 3

NumPy arrays may be used as input.

sage: import numpy

sage: entries = numpy.array([1.2, 5.6]); entries
array([1.2, 5.6])

sage: A = diagonal_matrix(3, entries); A

[1.2 0.0 0.0]
[0.0 5.6 0.0]
[0.0 0.0 0.0]

sage: A.parent()
Full MatrixSpace of 3 by 3 sparse matrices over Real Double Field

sage: j = complex(0,1)

sage: entries = numpy.array([2.0+]j, 8.1, 3.4+2.6%j]); entries
array([2. +1.j , 8.1+0.j , 3.4+2.6j])

sage: A = diagonal_matrix(entries); A

[2.0 + 1.0*I 0.0 0.0]
[ 0.0 8.1 0.0]
[ 0.0 0.0 3.4 + 2.6%I]

sage: A.parent()
Full MatrixSpace of 3 by 3 sparse matrices over Complex Double Field

sage: entries = numpy.array([4, 5, 6])

sage: A = diagonal_matrix(entries); A

[4 0 0]

[0 5 0]

[0 0 6]

sage: A.parent()

Full MatrixSpace of 3 by 3 sparse matrices over Integer Ring

sage: entries = numpy.array([4.1, 5.2, 6.3])
sage: A = diagonal_matrix(ZZ, entries); A

Traceback (most recent call last):

TypeError: unable to convert 4.1 to an element of Integer Ring

By default returned matrices have a sparse implementation. This can be changed when using any of the formats.
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sage: A = diagonal_matrix([1,2,3], sparse=False)
sage: A.parent()
Full MatrixSpace of 3 by 3 dense matrices over Integer Ring

An empty list and no ring specified defaults to the integers.

sage: A = diagonal_matrix([])
sage: A.parent()
Full MatrixSpace of ® by 0 sparse matrices over Integer Ring

Giving the entries improperly may first complain about not being iterable:

sage: diagonal_matrix(QQ, 5, 10)
Traceback (most recent call last):

TypeError: 'sage.rings.integer.Integer' object is not iterable

Giving too many entries will raise an error.

sage: diagonal_matrix(QQ, 3, [1,2,3,4])
Traceback (most recent call last):

ValueError: number of diagonal matrix entries (4) exceeds the requested matrix size.

=(3)

A negative size sometimes causes the error that there are too many elements.

sage.

sage: diagonal matrix(-2, [2])
Traceback (most recent call last):

ValueError: number of diagonal matrix entries (1) exceeds the requested matrix size.

—(-2)

Types for the entries need to be iterable (tuple, list, vector, NumPy array, etc):

sage: diagonal_matrix(x”2)
Traceback (most recent call last):

TypeError: 'sage.symbolic.expression.Expression' object is not iterable

AUTHOR:
¢ Rob Beezer (2011-01-11): total rewrite

matrix.special.elementary_matrix(arg0, argl=None, **kwds)
This function is available as elementary_matrix(...) and matrix.elementary(...).

Creates a square matrix that corresponds to a row operation or a column operation.
FORMATS:

In each case, R is the base ring, and is optional. n is the size of the square matrix created. Any call may
include the sparse keyword to determine the representation used. The default is False which leads to a dense
representation. We describe the matrices by their associated row operation, see the output description for more.

e elementary_matrix(R, n, rowl=i, row2=j)

The matrix which swaps rows i and j.
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¢ elementary_matrix(R, n, rowl=i, scale=s)
The matrix which multiplies row i by s.

¢ elementary matrix(R, n, rowl=i, row2=j, scale=s)
The matrix which multiplies row j by s and adds it to row i.

Elementary matrices representing column operations are created in an entirely analogous way, replacing rowl
by coll and replacing row2 by col2.

Specifying the ring for entries of the matrix is optional. If it is not given, and a scale parameter is provided, then
aring containing the value of scale will be used. Otherwise, the ring defaults to the integers.

OUTPUT:

An elementary matrix is a square matrix that is very close to being an identity matrix. If E is an elementary
matrix and A is any matrix with the same number of rows, then E*A is the result of applying a row operation
to A. This is how the three types created by this function are described. Similarly, an elementary matrix can
be associated with a column operation, so if E has the same number of columns as A then A*E is the result of
performing a column operation on A.

An elementary matrix representing a row operation is created if rowl is specified, while an elementary matrix
representing a column operation is created if coll is specified.

EXAMPLES:

Over the integers, creating row operations. Recall that row and column numbering begins at zero.

sage: A = matrix(ZZ, 4, 10, range(40)); A
[0 1 2 3 4 5 6 7 8 9]
[10 11 12 13 14 15 16 17 18 19]
[20 21 22 23 24 25 26 27 28 29]
[30 31 32 33 34 35 36 37 38 39]

sage: E = elementary_matrix(4, rowl=1, row2=3); E
[1 0 0 0]

[0 0 0 1]

[0 0 1 0]

[0 10 0]

sage: E*A

[6 1 2 3 4 5 6 7 8 9]

[30 31 32 33 34 35 36 37 38 39]

[20 21 22 23 24 25 26 27 28 29]

[10 11 12 13 14 15 16 17 18 19]

sage: E = elementary_matrix(4, rowl=2, scale=10); E
[1 0 0 0]

[0 1 O 0]

[0 0 10 0]

[0 0 O 1]

sage: E*A

[ © 1 2 3 4 5 6 7 8 9]
[ 16 11 12 13 14 15 16 17 18 19]
[200 210 220 230 240 250 260 270 280 290]
[ 30 31 32 33 34 35 36 37 38 39]

sage: E = elementary_matrix(4, rowl=2, row2=1, scale=10); E

(continues on next page)
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(continued from previous page)

[1 0 0 0]
[0 1 O 0]
[ 010 1 0]
[O6 0 O 1]
sage: E*A

[ © 1 2 3 4 5 6 7 8 9]
[ 16 11 12 13 14 15 16 17 18 19]
[120 131 142 153 164 175 186 197 208 219]
[ 30 31 32 33 34 35 36 37 38 39]

Over the rationals, now as column operations. Recall that row and column numbering begins at zero. Checks
now have the elementary matrix on the right.

sage: A = matrix(QQ, 5, 4, range(20)); A
[0 1 2 3]
[4 5 6 7]
[ 8 9 10 11]
[12 13 14 15]
[16 17 18 19]

sage: E = elementary_matrix(QQ, 4, coll=1, col2=3); E
[1 0 0 0]

[0 0 0 1]

[0 0 1 0]

[0 10 0]
sage: A*E

[0 3 2 1]
[4 7 6 5]
[ 8 11 18 9]
[12 15 14 13]
[16 19 18 17]

sage: E = elementary_matrix(QQ, 4, coll=2, scale=1/2); E

[ 1 0 o6 0]
[ © 1 0 0]
[ & 0 1/2 0]
[ &€& 0 © 1]
sage: A*E

[0 1 1 3]

[4 5 3 7]

[ 8 9 5 11]

[12 13 7 15]

[16 17 9 19]
sage: E = elementary_matrix(QQ, 4, coll=2, col2=1, scale=10); E
[1 0 0 0]

[0 110 0]

[0 0 1 0]

[O6O 0 0 1]
sage: A*E

[ 0 1 12 3]
[ 4 5 56 7]

(continues on next page)

41




Sage 9.4 Reference Manual: Matrices and Spaces of Matrices, Release 9.4

(continued from previous page)

[ 8 9 100 11]
[ 12 13 144 15]
[ 16 17 188 19]

An elementary matrix is always nonsingular. Then repeated row operations can be represented by products
of elementary matrices, and this product is again nonsingular. If row operations are to preserve fundamental
properties of a matrix (like rank), we do not allow scaling a row by zero. Similarly, the corresponding elementary
matrix is not constructed. Also, we do not allow adding a multiple of a row to itself, since this could also lead to
a New Zero row.

sage: A = matrix(QQ, 4, 10, range(40)); A
[6 1 2 3 4 5 6 7 8 9]
[160 11 12 13 14 15 16 17 18 19]
[20 21 22 23 24 25 26 27 28 29]
[30 31 32 33 34 35 36 37 38 39]

sage: E1 = elementary_matrix(QQ, 4, rowl=0, row2=1)

sage: E2 = elementary_matrix(QQ, 4, rowl=3, row2=0, scale=100)
sage: E = E2¥E1l

sage: E.is_singular()

False

sage: E*A

[ 10 11 12 13 14 15 16 17 18 19]

[ © 1 2 3 4 5 6 7 8 9]

[ 20 21 22 23 24 25 26 27 28 29]

[1030 1131 1232 1333 1434 1535 1636 1737 1838 1939]

sage: E3 = elementary_matrix(QQ, 4, rowl=3, scale=0)
Traceback (most recent call last):

ValueError: scale parameter of row of elementary matrix must be non-zero

sage: E4 = elementary_matrix(QQ, 4, rowl=3, row2=3, scale=12)
Traceback (most recent call last):

ValueError: cannot add a multiple of a row to itself

If the ring is not specified, and a scale parameter is given, the base ring for the matrix is chosen to contain the
scale parameter. Otherwise, if no ring is given, the default is the integers.

sage: E = elementary_matrix(4, rowl=1, row2=3)
sage: E.parent()
Full MatrixSpace of 4 by 4 dense matrices over Integer Ring

sage: E = elementary_matrix(4, rowl=1, scale=4/3)
sage: E.parent()
Full MatrixSpace of 4 by 4 dense matrices over Rational Field

sage: E = elementary_matrix(4, rowl=1, scale=I)

sage: E.parent()

Full MatrixSpace of 4 by 4 dense matrices over Number Field in I with defining.
—polynomial x42 + 1 with I = 1*I

(continues on next page)
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sage: E = elementary_matrix(4, rowl=1, scale=CDF(I))
sage: E.parent()
Full MatrixSpace of 4 by 4 dense matrices over Complex Double Field

sage: E = elementary_matrix(4, rowl=1, scale=QQbar(I))
sage: E.parent()
Full MatrixSpace of 4 by 4 dense matrices over Algebraic Field

Returned matrices have a dense implementation by default, but a sparse implementation may be requested.

sage: E = elementary_matrix(4, rowl=0, row2=1)
sage: E.is_dense()
True

sage: E = elementary_matrix(4, rowl=0, row2=1, sparse=True)
sage: E.is_sparse()
True

And the ridiculously small cases. The zero-row matrix cannot be built since then there are no rows to manipulate.

sage: elementary_matrix(QQ, 1, rowl=0, row2=0)
[1]

sage: elementary_matrix(QQ, 0, rowl=0, row2=0)
Traceback (most recent call last):

ValueError: size of elementary matrix must be 1 or greater, not 0

sage.

AUTHOR:
¢ Rob Beezer (2011-03-04)

matrix.special.hankel (c, r=None, ring=None)
This function is available as hankel(...) and matrix.hankel(...).

Return a Hankel matrix of given first column and whose elements are zero below the first anti-diagonal.

The Hankel matrix is symmetric and constant across the anti-diagonals, with elements
Hij:fUH»jflv izl,...,m,jzl,...,m

where the vector v; = ¢; fort = 1,...,mand v,,4; = r; fort = 1,...,n—1 completely determines the Hankel
matrix. If the last row, r, is not given, the Hankel matrix is square by default and » = 0. For more information
see the Wikipedia article Hankel_matrix.

INPUT:
e ¢ — vector, first column of the Hankel matrix
* r — vector (optional, default: None), last row of the Hankel matrix, from the second to the last column
e ring — base ring (optional, default: None) of the resulting matrix

EXAMPLES:

A Hankel matrix with symbolic entries:
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sage: matrix.hankel(SR.var('a, b, c, d, e'))
[abcde]
[bcde 0]
[cde 0§ 0]
[de® 0 0]
[e 0 0 0 0]

We can also pass the elements of the last row, starting at the second column:

sage: matrix.hankel(SR.var('a, b, c, d, e'), SR.var('f, g, h, i"))
[abcde]
[b cde £f]
[cde fg]
[d e £ g h]
[e £ ghi]

A third order Hankel matrix in the integers:

sage: matrix.hankel([1, 2, 3])
[1 2 3]
[2 3 0]
[3 0 0]

The second argument allows to customize the last row:

sage: matrix.hankel([1..3], [7..10])
[1 2 3 7 8]
[2 3 7 8 9]
[ 3 7 8 9 10]

sage.matrix.special.hilbert (dim, ring=Rational Field)
This function is available as hilbert(...) and matrix.hilbert(...).

Return a Hilbert matrix of the given dimension.
The n dimensional Hilbert matrix is a square matrix with entries being unit fractions,

1 o
Hij:7i+j_1, ihi=1,...,n.

For more information see the Wikipedia article Hilbert_matrix.
INPUT:

¢ dim — integer, the dimension of the Hilbert matrix

* ring — base ring (optional, default: \QQ) of the resulting matrix

EXAMPLES:

sage: matrix.hilbert(5)
[ 11/2 1/3 1/4 1/5]
[1/2 1/3 1/4 1/5 1/6]
[1/3 1/4 1/5 1/6 1/7]
[1/4 1/5 1/6 1/7 1/8]
[1/5 1/6 1/7 1/8 1/9]
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sage.

matrix.special.identity_matrix(ring, n=0, sparse=False)
This function is available as identity_matrix(...) and matrix.identity(...).

Return the n x n identity matrix over the given ring.
The default ring is the integers.
EXAMPLES:

sage: M = identity_matrix(QQ, 2); M

[1 0]

[0 1]

sage: M.parent()

Full MatrixSpace of 2 by 2 dense matrices over Rational Field
sage: M = identity _matrix(2); M

[1 0]

[0 1]

sage: M.parent()

Full MatrixSpace of 2 by 2 dense matrices over Integer Ring
sage: M.is_mutable()

True

sage: M = identity_matrix(3, sparse=True); M

[1 0 0]

[0 1 0]

[0 0 1]

sage: M.parent()

Full MatrixSpace of 3 by 3 sparse matrices over Integer Ring
sage: M.is_mutable()

True

sage.

matrix.special.ith_to_zero_rotation_matrix(v, i, ring=None)
This function is available as ith_to_zero_rotation_matrix(...) and matrix.ith_to_zero_rotation(...).

Return a rotation matrix that sends the i-th coordinates of the vector v to zero by doing a rotation with the (i-1)-th
coordinate.

INPUT:

* v’ —vector

e i—integer

e ring - ring (optional, default: None) of the resulting matrix
OUTPUT:
A matrix

EXAMPLES:

sage: from sage.matrix.constructor import ith_to_zero_rotation_matrix
sage: v = vector((1,2,3))
sage: ith_to_zero_rotation_matrix(v, 2)

[ 1 0 0]
[ 0 2/13*sqrt(13) 3/13*sqrt(13)]
[ 0 -3/13*sqrt(13) 2/13*sqrt(13)]

sage: ith_to_zero_rotation_matrix(v, 2) * v
(1, sqrt(13), 0
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sage: ith_to_zero_rotation_matrix(v, 0)

[ 3/10*sqrt(10) 0 -1/10*sqrt(10)]
[ 0 1 0]
[ 1/10*sqrt(10) 0 3/10*sqrt(10)]
sage: ith_to_zero_rotation_matrix(v, 1)

[ 1/5*sqrt(5) 2/5*sqrt(5) 0]
[-2/5*sqrt(5) 1/5*sqrt(5) 0]

[ 0 0 1]

sage: ith_to_zero_rotation_matrix(v, 2)

[ 1 0 0]
[ 0 2/13*sqrt(13) 3/13*sqrt(13)]
[ 0 -3/13*sqrt(13) 2/13*sqrt(13)]

sage: ith_to_zero_rotation_matrix(v, 0) * v
@, 2, sqrt(10))
sage: ith_to_zero_rotation_matrix(v, 1) * v
(sqrt(5), 0, 3)
sage: ith_to_zero_rotation_matrix(v, 2) * v
(1, sqrt(13), 0

Other ring:

sage: ith_to_zero_rotation_matrix(v, 2, ring=RR)
[ 1.00000000000000 0.000000000000000 0.000000000000000]
[ 0.000000000000000 0.554700196225229 0.832050294337844]
[ 0.000000000000000 -0.832050294337844 0.554700196225229]
sage: ith_to_zero_rotation_matrix(v, 2, ring=RDF)

[ 1.0 0.0 0.0]
[ 0.0 0.5547001962252291 0.8320502943378437]
[ 0.0 -0.8320502943378437 0.5547001962252291]

On the symbolic ring:

sage: Xx,y,z = var('x,y,z")
sage: v = vector((x,y,2))
sage: ith_to_zero_rotation_matrix(v, 2)

[ 1 0 0]
[ 0 y/sqrt(yr2 + zA2) z/sqrt(y*2 + z+2)]
[ 0 -z/sqrt(yr2 + z+2) vy/sqrt(yr2 + z+2)]

sage: ith_to_zero_rotation_matrix(v, 2) * v
(x, yr2/sqrt(yr2 + zA2) + zA2/sqrt(yr2 + zA2), O)

AUTHORS:
Sébastien Labbé (April 2010)

sage.matrix.special.jordan_block(eigenvalue, size, sparse=False)
This function is available as jordan_block(...) and matrix.jordan_block(...).

Return the Jordan block for the given eigenvalue with given size.
INPUT:
* eigenvalue - eigenvalue for the diagonal entries of the block

* size - size of the square matrix
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* sparse — (default: False) - if True, return a sparse matrix

EXAMPLES:

sage: jordan_block(5, 3)
[5 1 0]
[0 5 1]
[0 0 5]

sage.

matrix.special.lehmer (ring, n=0)
This function is available as lehmer(...) and matrix.lehmer(...).

Return the n x n Lehmer matrix.

The default ring is the rationals.

Element (4, j) in the Lehmer matrix is min(i, j)/max(3, j).
See Wikipedia article Lehmer_matrix.

EXAMPLES:

sage: matrix.lehmer(3)
[ 11/2 1/3]
[1/2 1 2/3]
[1/3 2/3 1]

sage.

matrix.special.matrix_method (func=None, name=None)
Allows a function to be tab-completed on the global matrix constructor object.

INPUT:
* *function - a single argument. The function that is being decorated.

* **kwds — a single optional keyword argument name=<string>. The name of the corresponding method
in the global matrix constructor object. If not given, it is derived from the function name.

EXAMPLES:

sage: from sage.matrix.constructor import matrix_method
sage: def foo_matrix(n): return matrix.diagonal(range(n))
sage: matrix_method(foo_matrix)
<function foo_matrix at ...>
sage: matrix.foo(5)
[0 0 0 0 0]
[0 100 0]
[0 0 20 0]
[0 0 0 3 0]
[0 0 0 0 4]
sage: matrix_method(foo_matrix, name='bar')
<function foo_matrix at ...>
sage: matrix.bar(3)
[0 0 0]
[0 1 0]
[0 0 2]
sage.matrix.special.ones_matrix(ring, nrows=None, ncols=None, sparse=False)

This function is available as ones_matrix(...) and matrix.ones(...).

Return a matrix with all entries equal to 1.
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CALL FORMATS:
In each case, the optional keyword sparse can be used.
1. ones_matrix(ring, nrows, ncols)
2. ones_matrix(ring, nrows)
3. ones_matrix(nrows, ncols)
4. ones_matrix(nrows)
INPUT:
* ring - default: ZZ - base ring for the matrix.
* nrows - number of rows in the matrix.

* ncols - number of columns in the matrix. If omitted, defaults to the number of rows, producing a square
martrix.

* sparse - default: False - if True creates a sparse representation.
OUTPUT:

A matrix of size nrows by ncols over the ring with every entry equal to 1. While the result is far from sparse,
you may wish to choose a sparse representation when mixing this matrix with other sparse matrices.

EXAMPLES:

A call specifying the ring and the size.

sage: M= ones_matrix(QQ, 2, 5); M

[T 1111]

[1T1111]

sage: M.parent()

Full MatrixSpace of 2 by 5 dense matrices over Rational Field

Without specifying the number of columns, the result is square.

sage: M = ones_matrix(RR, 2); M

[1.00000000000000 1.00000000000000]

[1.00000000000000 1.00000000000000]

sage: M.parent()

Full MatrixSpace of 2 by 2 dense matrices over Real Field with 53 bits of precision

The ring defaults to the integers if not given.

sage: M = ones_matrix(2, 3); M

[1 1 1]

[11 1]

sage: M.parent()

Full MatrixSpace of 2 by 3 dense matrices over Integer Ring

A lone integer input produces a square matrix over the integers.

sage: M = ones_matrix(3); M
[11 1]
[11 1]
[11 1]

(continues on next page)
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(continued from previous page)

sage: M.parent()
Full MatrixSpace of 3 by 3 dense matrices over Integer Ring

The result can have a sparse implementation.

sage: M = ones_matrix(3, 1, sparse=True); M

[1]

[1]

[1]

sage: M.parent()

Full MatrixSpace of 3 by 1 sparse matrices over Integer Ring

Giving just a ring will yield an error.

sage: ones_matrix(CC)
Traceback (most recent call last):

ValueError: constructing an all ones matrix requires at least one dimension

sage.

matrix.special.random_diagonalizable_matrix(parent, eigenvalues=None, dimensions=None)
This function is available as random_diagonalizable_matrix(...) and matrix.random_diagonalizable(...).

Create a random matrix that diagonalizes nicely.
To be used as a teaching tool. Return matrices have only real eigenvalues.
INPUT:
If eigenvalues and dimensions are not specified in a list, they will be assigned randomly.
e parent - the desired size of the square matrix.
* eigenvalues - the list of desired eigenvalues (default=None).
* dimensions - the list of dimensions corresponding to each eigenspace (default=None).
OUTPUT:

A square, diagonalizable, matrix with only integer entries. The eigenspaces of this matrix, if computed by hand,
give basis vectors with only integer entries.

Note: It is easiest to use this function via a call to the random_matrix() function with the
algorithm="'diagonalizable' keyword. We provide one example accessing this function directly, while
the remainder will use this more general function.

EXAMPLES:

A diagonalizable matrix, size 5.

sage: from sage.matrix.constructor import random_diagonalizable_matrix
sage: matrix_space = sage.matrix.matrix_space.MatrixSpace(QQ, 5)

sage: A = random_diagonalizable_matrix(matrix_space)

sage: eigenvalues = A.eigenvalues()

sage: S = A.right_eigenmatrix()[1]

sage: eigenvalues2 = (S.inverse()*A*S).diagonal()

sage: sorted(eigenvalues) == sorted(eigenvalues2)

True
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A diagonalizable matrix with eigenvalues and dimensions designated, with a check that if eigenvectors were
calculated by hand entries would all be integers.

sage: eigenvalues = [ZZ.random_element() for _ in range(3)]

sage: B = random_matrix(QQ, 6, algorithm='diagonalizable', eigenvalues=eigenvalues, ..
—.dimensions=[2,3,1])

sage: all(x in ZZ for x in (B-(-12*identity_matrix(6))).rref().list())
True

sage: all(x in ZZ for x in (B-(4*identity_matrix(6))).rref().list())
True

sage: all(x in ZZ for x in (B-(6*identity_matrix(6))).rref().list())
True

sage: S = B.right_eigenmatrix()[1]

sage: eigenvalues2 = (S.inverse()*B*S).diagonal()

sage: all(e in eigenvalues for e in eigenvalues2)

True

sage.

Todo: Modify the routine to allow for complex eigenvalues.

AUTHOR:
Billy Wonderly (2010-07)

matrix.special.random_echelonizable_matrix(parent, rank, upper_bound=None, max_tries=100)
This function is available as random_echelonizable_matrix(...) and matrix.random_echelonizable(...).

Generate a matrix of a desired size and rank, over a desired ring, whose reduced row-echelon form has only
integral values.

INPUT:

* parent — A matrix space specifying the base ring, dimensions and representation (dense/sparse) for the
result. The base ring must be exact.

¢ rank — Rank of result, i.e the number of non-zero rows in the reduced row echelon form.

* upper_bound - If designated, size control of the matrix entries is desired. Set upper_bound to 1 more
than the maximum value entries can achieve. If None, no size control occurs. But see the warning below.
(default: None)

e max_tries - If designated, number of tries used to generate each new random row; only matters when
upper_bound!=None. Used to prevent endless looping. (default: 100)

OUTPUT:

A matrix not in reduced row-echelon form with the desired dimensions and properties.

Warning: When upper_bound is set, it is possible for this constructor to fail with a ValueError. This
may happen when the upper_bound, rank and/or matrix dimensions are all so small that it becomes infea-
sible or unlikely to create the requested matrix. If you must have this routine return successfully, do not set
upper_bound.

Note: It is easiest to use this function via a call to the random_matrix() function with the
algorithm="echelonizable' keyword. We provide one example accessing this function directly, while the
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remainder will use this more general function.

EXAMPLES:

Generated matrices have the desired dimensions, rank and entry size. The matrix in reduced row-echelon form
has only integer entries.

sage: from sage.matrix.constructor import random_echelonizable_matrix

sage: matrix_space = sage.matrix.matrix_space.MatrixSpace(QQ, 5, 6)

sage: A = random_echelonizable_matrix(matrix_space, rank=4, upper_bound=40)
sage: A.rank()

4

sage: max(map(abs,A.list()))<40

True

sage: A.rref() == A.rref().change_ring(ZZ)
True

An example with default settings (i.e. no entry size control).

sage: C=random_matrix(QQ, 6, 7, algorithm='echelonizable', rank=5)
sage: C.rank()

5

sage: C.rref() == C.rref().change_ring(ZZ)

True

A matrix without size control may have very large entry sizes.

sage: D=random_matrix(ZZ, 7, 8, algorithm='echelonizable', rank=6); D # random
2 8 -35 -178 -239 -284 778]
9 37 -163 -827 -1111 -1324 3624]
6 21 -88 -454 -607 -708 1951]
-5 -22 97 491 656 779 -2140]
4 13 -55 -283 -377 -436 1206]
11 43 -194 -982 -1319 -1576 4310]
-2 -13 59 294 394 481 -1312]

L B e T s T e B e B e W s |
[}
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Matrices can be generated over any exact ring.

sage: F.<a>=GF(2*3)

sage: B = random_matrix(F, 4, 5, algorithm='echelonizable', rank=4, upper_
—bound=None)

sage: B.rank()

4

sage: B.base_ring() is F

True

Square matrices over ZZ or QQ with full rank are always unimodular.

sage: E = random_matrix(QQ, 7, 7, algorithm='echelonizable', rank=7)
sage: det(E)

1

sage: E = random_matrix(ZZ, 7, 7, algorithm='echelonizable', rank=7)
sage: det(E)

1
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AUTHOR:
Billy Wonderly (2010-07)

sage.matrix.special.random_matrix(ring, nrows, ncols=None, algorithm="randomize’,

implementation=None, *args, **kwds)

This function is available as random_matrix(...) and matrix.random(...).
Return a random matrix with entries in a specified ring, and possibly with additional properties.

INPUT:

e ring — base ring for entries of the matrix
* nrows — Integer; number of rows
¢ ncols — (default: None); number of columns; if None defaults to nrows

¢ algorithm— (default: randomize); determines what properties the matrix will have. See examples below
for possible additional arguments.

— randomize — create a matrix of random elements from the base ring, possibly controlling the density
of non-zero entries.

— echelon_form — creates a matrix in echelon form
— echelonizable — creates a matrix that has a predictable echelon form

— subspaces — creates a matrix whose four subspaces, when explored, have reasonably sized, integral
valued, entries.

— unimodular - creates a matrix of determinant 1.

— diagonalizable — creates a diagonalizable matrix whose eigenvectors, if computed by hand, will
have only integer entries.

e implementation — (None or string or a matrix class) a possible implementation. See the documentation
of the constructor of MatrixSpace.

e *args, **kwds-—arguments and keywords to describe additional properties. See more detailed documen-
tation below.

Warning: Matrices generated are not uniformly distributed. For unimodular matrices over fi-
nite field this function does not even generate all of them: for example Matrix.random(GF(3), 2,
algorithm="unimodular') never generates [[2,0],[0,2]]. This function is made for teaching pur-
poses.

Warning: An upper bound on the absolute value of the entries may be set when the algorithm is
echelonizable or unimodular. In these cases it is possible for this constructor to fail with a ValueError.
If you must have this routine return successfully, do not set upper_bound. This behavior can be partially
controlled by a max_tries keyword.

Note: When constructing matrices with random entries and no additional properties (i.e. when
algorithm="randomize'), most of the randomness is controlled by the random_element method for ele-
ments of the base ring of the matrix, so the documentation of that method may be relevant or useful.

EXAMPLES:
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Random integer matrices. With no arguments, the majority of the entries are zero, -1, and 1, and rarely “large.”

sage: from collections import defaultdict
sage: total_count = 0

sage: dic = defaultdict(Integer)

sage: def add_samples(*args, **kwds):
I global dic, total_count

et for _ in range(100):

ieaat A = random_matrix(*args, **kwds)
el for a in A.1ist(Q):
i dic[a] += 1

ceeat total_count += 1.0

sage: expected = lambda n : 2 / (5%abs(n)*(abs(m) + 1)) if n != 0 else 1/5
sage: expected(0)

1/5

sage: expected(0®) == expected(l) == expected(-1)
True

sage: expected(100)

1/25250

sage: add_samples(ZZ, 5, 5)
sage: while not all(abs(dic[a]/total_count - expected(a)) < 0.001 for a in dic):
ceeal add_samples(ZZ, 5, 5)

The distribution keyword set to uniform will limit values between -2 and 2.

sage: expected = lambda n : 1/5 if n in range(-2, 3) else 0

sage: total_count = 0

sage: dic = defaultdict(Integer)

sage: add_samples(ZZ, 5, 5, distribution="uniform")

sage: while not all(abs(dic[a]/total_count - expected(a)) < 0.001 for a in dic):
et add_samples(ZZ, 5, 5, distribution='uniform')

The x and y keywords can be used to distribute entries uniformly. When both are used x is the minimum and y
is one greater than the maximum.

sage: expected = lambda n : 1/30 if n in range(70, 100) else 0

sage: total_count = 0

sage: dic = defaultdict(Integer)

sage: add_samples(ZZ, 4, 8, x=70, y=100)

sage: while not all(abs(dic[a]/total_count - expected(a)) < 0.001 for a in dic):
R add_samples(ZZ, 4, 8, x=70, y=100)

sage: expected = lambda n : 1/10 if n in range(-5, 5) else 0

sage: total_count = 0

sage: dic = defaultdict(Integer)

sage: add_samples(ZZ, 3, 7, x=-5, y=5)

sage: while not all(abs(dic[a]/total_count - expected(a)) < 0.001 for a in dic):
et add_samples(ZZ, 3, 7, x=-5, y=5)

If only x is given, then it is used as the upper bound of a range starting at 0.

sage: expected = lambda n : 1/25 if n in range(25) else 0
sage: total_count = 0

(continues on next page)
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(continued from previous page)

sage: dic = defaultdict(Integer)

sage: add_samples(ZZ, 5, 5, x=25)

sage: while not all(abs(dic[a]/total_count - expected(a)) < 0.001 for a in dic):
ieaat add_samples(ZzZ, 5, 5, x=25)

To control the number of nonzero entries, use the density keyword at a value strictly below the default of 1.0.
The density keyword is used to compute the number of entries per row that will be nonzero, but the same entry
may be selected more than once. So the value provided will be an upper bound for the density of the created
matrix. Note that for a square matrix it is only necessary to set a single dimension.

sage: def add_sample(*args, **kwds):

ceeal global density_sum, total_count
i total_count += 1.0

I A = random_matrix(*args, **kwds)
ceet density_sum += float(A.density())

sage: density_sum =
sage: total_count =
sage: add_sample(ZZ, 5, x=-10, y=10, density=0.75)
sage: expected_density = (1 - (4/5)%3)

sage: float(expected_density)

sage: while abs(density_sum/total_count - expected_density) > 0.001:
et add_sample(ZzZ, 5, x=-10, y=10, density=0.75)

sage: density_sum = 0.0

sage: total_count = 0.0

sage: add_sample(ZZ, 5, x=20, y=30, density=0.75)

sage: while abs(density_sum/total_count - expected_density) > 0.001:
ieaat add_sample(ZzZ, 5, x=20, y=30, density=0.75)

sage: density_sum =
sage: total_count =
sage: add_sample(ZZ, 100, x=20, y=30, density=0.75)
sage: expected_density = (1 - (99/100)A75)

sage: float(expected_density)

0.0
0.0

sage: while abs(density_sum/total_count - expected_density) > 0.001:
ceeal add_sample(ZzZ, 100, x=20, y=30, density=0.75)

For a matrix with low density it may be advisable to insist on a sparse representation, as this representation is
not selected automatically.

sage: A=random_matrix(ZZ, 5, 5)

sage: A.is_sparse()

False

sage: A = random_matrix(ZZ, 5, 5, sparse=True)
sage: A.is_sparse()

True

For algorithm testing you might want to control the number of bits, say 10,000 entries, each limited to 16 bits.
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sage: A = random_matrix(ZzZ, 100, 100, x=2216); A
100 x 100 dense matrix over Integer Ring (use the '.str()' method to see the.
—entries)

One can prescribe a specific matrix implementation:

sage: K.<a> = FiniteField(248)

sage: type(random_matrix(K, 2, 5))

<type 'sage.matrix.matrix_gf2e_dense.Matrix_gf2e_dense'>

sage: type(random_matrix(K, 2, 5, implementation="generic"))
<type 'sage.matrix.matrix_generic_dense.Matrix_generic_dense'>

Random rational matrices. Now num_bound and den_bound control the generation of random elements, by
specifying limits on the absolute value of numerators and denominators (respectively). Entries will be posi-
tive and negative (map the absolute value function through the entries to get all positive values). If either the
numerator or denominator bound (or both) is not used, then the values default to 2:

sage: A = random_matrix(QQ, 2, 8, num_bound=20, den_bound=4)
sage: A.dimensions()

2, 8

sage: type(A)

<class 'sage.matrix.matrix_rational_dense.Matrix_rational_dense'>
sage: all(a.numerator() in range(-20, 21) and

el a.denominator() in range(l, 5)

it for a in A.list())

sage: A = random_matrix(QQ, 4, density = 0.5, sparse=True)

sage: type(A)

<class 'sage.matrix.matrix_rational_sparse.Matrix_rational_sparse'>
sage: A.density() <= 0.5

True

sage: A = random_matrix(QQ, 3, 10, num_bound = 99, den_bound = 99)
sage: positives = list(map(abs, A.list()))

sage: Al = matrix(QQ, 3, 10, positives)

sage: all(abs(A.list()[i]) == Al.1list(Q[i] for i in range(30))
True

sage: all(a.numerator() in range(100) and

ceeat a.denominator() in range(l, 100)

it for a in A1.1ist())

sage: A = random_matrix(QQ, 4, 10, den_bound = 10)
sage: all(a.numerator() in range(-2, 3) and

ieeat a.denominator() in range(l, 11)

it for a in A.list(Q))

sage: A = random_matrix(QQ, 4, 10)

sage: all(a.numerator() in range(-2, 3) and
ieeat a.denominator() in range(l, 3)
ceal for a in A.list())

(continues on next page)
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True

Random matrices over other rings. Several classes of matrices have specialized randomize () methods. You
can locate these with the Sage command:

search_def('randomize')

The default implementation of randomize () relies on the random_element () method for the base ring. The
density and sparse keywords behave as described above. Since we have a different randomisation when using
the optional meataxe package, we have to make sure that we use the default implementation in this test:

sage: K.<a>=FiniteField(3"2)

sage: A = random_matrix(K, 2, 5, implementation='generic')
sage: type(A)

<class 'sage.matrix.matrix_generic_dense.Matrix_generic_dense'>
sage: A.base_ring() is K

True

sage: TestSuite(A).run()

sage: A = random_matrix(RR, 3, 4, density=0.66)

sage: type(A)

<class 'sage.matrix.matrix_generic_dense.Matrix_generic_dense'>
sage: A.base_ring() is RR

True

sage: TestSuite(A).run()

sage: A = random_matrix(ComplexField(32), 3, density=0.8, sparse=True)
sage: A.is_sparse()

True

sage: type(A)

<class 'sage.matrix.matrix_generic_sparse.Matrix_generic_sparse'>
sage: A.base_ring() is ComplexField(32)

True

sage: TestSuite(A).run()

Random matrices in echelon form. The algorithm="echelon_form' keyword, along with a requested number
of non-zero rows (num_pivots) will return a random matrix in echelon form. When the base ring is QQ the result
has integer entries. Other exact rings may be also specified.

sage: A = random_matrix(QQ, 4, 8, algorithm='echelon_form', num_pivots=3)
sage: A.base_ring()

Rational Field

sage: (A.nrows(), A.ncols())

4, 8

sage: A in sage.matrix.matrix_space.MatrixSpace(ZZ, 4, 8)
True

sage: A.rank(Q)

3

sage: A == A.rref()

True

For more, see the documentation of the random_rref_matrix() function. In the notebook or at the Sage
command-line, first execute the following to make this further documentation available:

56

Chapter 3. Constructors for special matrices




Sage 9.4 Reference Manual: Matrices and Spaces of Matrices, Release 9.4

from sage.matrix.constructor import random_rref matrix

Random matrices with predictable echelon forms. The algorithm="'echelonizable' keyword, along with a
requested rank (rank) and optional size control (upper_bound) will return a random matrix in echelon form.
When the base ring is ZZ or QQ the result has integer entries, whose magnitudes can be limited by the value
of upper_bound, and the echelon form of the matrix also has integer entries. Other exact rings may be also
specified, but there is no notion of controlling the size. Square matrices of full rank generated by this function
always have determinant one, and can be constructed with the unimodular keyword.

sage: A = random_matrix(QQ, 4, 8, algorithm='echelonizable', rank=3, upper_bound=60)
sage: A.base_ring()

Rational Field

sage: (A.nrows(), A.ncols(Q))

4, 8

sage: A in sage.matrix.matrix_space.MatrixSpace(ZZ, 4, 8)

True

sage: A.rank(Q)

3

sage: all(abs(x)<60 for x in A.list())

True

sage: A.rref() in sage.matrix.matrix_space.MatrixSpace(ZZ, 4, 8)
True

For more, see the documentation of the random_echelonizable_matrix() function. In the notebook or at
the Sage command-line, first execute the following to make this further documentation available:

from sage.matrix.constructor import random_echelonizable_matrix

Random diagonalizable matrices. The algorithm="'diagonalizable' keyword, along with a requested ma-
trix size (size) and optional lists of eigenvalues (eigenvalues) and the corresponding eigenspace dimensions
(dimensions) will return a random diagonalizable matrix. When the eigenvalues and dimensions are not spec-
ified the result will have randomly generated values for both that fit with the designated size.

sage: A = random_matrix(QQ, 5, algorithm='diagonalizable', eigenvalues=[2,3,-1],.
—dimensions=[1,2,2]); A # random

sage: all(x in ZZ for x in (A-(2*identity_matrix(5))).rref().list())
True

sage: all(x in ZZ for x in (A-(3*identity_matrix(5))).rref().list(Q))
True

sage: all(x in ZZ for x in (A-(-1*identity_matrix(5))).rref().list())
True

sage: A.jordan_form()

[ 2] 0] 0| O 0]

[-—4+--+--+-—-+--]

[ 0 3] 0] 0] 0]

[--+-—+--+--+--]

[ 0] 0| 3] O] 0]

[--+--+--+--+--]

[ 0] 0| O-1] 0]

[-—4+--+--+--+--]

[ 0] 0| O 0]-1]

For more, see the documentation of the random_diagonalizable_matrix() function. In the notebook or at
the Sage command-line, first execute the following to make this further documentation available:
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from sage.matrix.constructor import random_diagonalizable_matrix

Random matrices with predictable subspaces. The algorithm="subspaces' keyword, along with an optional
rank (rank) will return a matrix whose natural basis vectors for its four fundamental subspaces, if computed as
described in the documentation of the random_subspaces_matrix() contain only integer entries. If rank, is
not set, the rank of the matrix will be generated randomly.

sage: B = random_matrix(QQ, 5, 6, algorithm='subspaces', rank=3); B #random
sage: B_expanded=B.augment(identity_matrix(5)).rref()

sage: (B.nrows(), B.ncols())

(5, 6)

sage: all(x in ZZ for x in B_expanded.list())

True

sage: C=B_expanded.submatrix(0,0,B.nrows()-B.nullity(),B.ncols())
sage: L=B_expanded.submatrix(B.nrows()-B.nullity(),B.ncols())
sage: B.right_kernel() == C.right_kernel()

True

sage: B.row_space() == C.row_space()

True

sage: B.column_space() == L.right_kernel()

True

sage: B.left_kernel() == L.row_space()

True

For more, see the documentation of the random_subspaces_matrix() function. In the notebook or at the Sage
command-line, first execute the following to make this further documentation available:

from sage.matrix.constructor import random_subspaces_matrix

Random unimodular matrices. The algorithm="'unimodular' keyword, along with an optional entry size
control (upper_bound) will return a matrix of determinant 1. When the base ring is ZZ or QQ the result has
integer entries, whose magnitudes can be limited by the value of upper_bound.

sage: C=random_matrix(QQ, 5, algorithm='unimodular', upper_bound=70); C # random
sage: det(C)

1

sage: C.base_ring()

Rational Field

sage: (C.nrows(), C.ncols(Q))

(G, 5

sage: all(abs(x)<70 for x in C.list())

True

For more, see the documentation of the random_unimodular_matrix() function. In the notebook or at the
Sage command-line, first execute the following to make this further documentation available:

from sage.matrix.constructor import random_unimodular_matrix

sage.

AUTHOR:
¢ William Stein (2007-02-06)
* Rob Beezer (2010-08-25) Documentation, code to allow additional types of output

matrix.special.random_rref_matrix(parent, num_pivots)
This function is available as random_rref matrix(...) and matrix.random_rref(...).
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Generate a matrix in reduced row-echelon form with a specified number of non-zero rows.
INPUT:

* parent — A matrix space specifying the base ring, dimensions and representation (dense/sparse) for the
result. The base ring must be exact.

e num_pivots — The number of non-zero rows in the result, i.e. the rank.
OUTPUT:

A matrix in reduced row echelon form with num_pivots non-zero rows. If the base ring is ZZ or Q@) then the
entries are all integers.

Note: It is easiest to use this function via a call to the random_matrix() function with the
algorithm="echelon_form' keyword. We provide one example accessing this function directly, while the
remainder will use this more general function.

EXAMPLES:

Matrices generated are in reduced row-echelon form with specified rank. If the base ring is Q@ the result has
only integer entries.

sage: from sage.matrix.constructor import random_rref_matrix
sage: matrix_space = sage.matrix.matrix_space.MatrixSpace(QQ, 5, 6)
sage: A = random_rref matrix(matrix_space, num_pivots=4); A # random

[1 0 0 -6 0 -3]
[0 1 0 2 0 3]
[0 O 1 -4 0 -2]
[0 0 0 0 1 3]
[0 0 0 0 O 0]

sage: A.base_ring()

Rational Field

sage: (A.nrows(), A.ncols())

(5, 6

sage: A in sage.matrix.matrix_space.MatrixSpace(ZZ, 5, 6)
True

sage: A.rank()

4

sage: A == A.rref()

True

Matrices can be generated over other exact rings.

sage: B = random_matrix(FiniteField(7), 4, 4, algorithm='echelon_form', num_
—pivots=3); B # random
[1 0 0 0]

[0 10 6]

[0 0 1 4]

[0 0 0 0]

sage: B.rank() ==

True

sage: B.base_ring()
Finite Field of size 7
sage: B == B.rref()
True

59




Sage

9.4 Reference Manual: Matrices and Spaces of Matrices, Release 9.4

sage.

AUTHOR:
Billy Wonderly (2010-07)

matrix.special.random_subspaces_matrix(parent, rank=None)
This function is available as random_subspaces_matrix(...) and matrix.random_subspaces(...).

Create a matrix of the designated size and rank whose right and left null spaces, column space, and row space
have desirable properties that simplify the subspaces.

INPUT:

* parent - A matrix space specifying the base ring, dimensions, and representation (dense/sparse) for the
result. The base ring must be exact.

¢ rank - The desired rank of the return matrix (default: None).
OUTPUT:

A matrix whose natural basis vectors for its four subspaces, when computed, have reasonably sized, integral
valued, entries.

Note: It is easiest to use this function via a call to the random_matrix() function with the
algorithm="subspaces' keyword. We provide one example accessing this function directly, while the re-
mainder will use this more general function.

EXAMPLES:

A 6x8 matrix with designated rank of 3. The four subspaces are determined using one simple routine in which
we augment the original matrix with the equal row dimension identity matrix. The resulting matrix is then put
in reduced row-echelon form and the subspaces can then be determined by analyzing subdivisions of this matrix.
See the four subspaces routine in [Bee] for more.

sage: from sage.matrix.constructor import random_subspaces_matrix
sage: matrix_space = sage.matrix.matrix_space.MatrixSpace(QQ, 6, 8)
sage: B = random_subspaces_matrix(matrix_space, rank=3)

sage: B.rank()

3

sage: B.nullity()

3

sage: (B.nrows(), B.ncols())

(6, 8

sage: all(x in ZZ for x in B.list())

True

sage: B_expanded = B.augment(identity_matrix(6)).rref()

sage: all(x in ZZ for x in B_expanded.list())

True

Check that we fixed trac ticket #10543 (echelon forms should be immutable):

sage: B_expanded.is_immutable()
True

We want to modify B_expanded, so replace it with a copy:

sage: B_expanded = copy(B_expanded)
sage: B_expanded.subdivide(B.nrows()-B.nullity(), B.ncols())

(continues on next page)
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sage: C = B_expanded.subdivision(0, 0)
sage: L = B_expanded.subdivision(l, 1)
sage: B.right_kernel() == C.right_kernel()
True

sage: B.row_space() == C.row_space()

True

sage: B.column_space() == L.right_kernel()
True

sage: B.left_kernel() == L.row_space()
True

A matrix to show that the null space of the L matrix is the column space of the starting matrix.

sage: A = random_matrix(QQ, 5, 7, algorithm='subspaces', rank=None)
sage: (A.nrows(), A.ncols())

G, N

sage: all(x in ZZ for x in A.list())

True

sage: A_expanded=A.augment(identity_matrix(5)).rref()

sage: all(x in ZZ for x in A_expanded.list())

True

sage: C = A_expanded.submatrix(0,0,A.nrows()-A.nullity(), A.ncols())
sage: L = A_expanded.submatrix(A.nrows()-A.nullity(), A.ncols())
sage: A.right_kernel() == C.right_kernel()

True

sage: A.row_space() == C.row_space()

True

sage: A.column_space() == L.right_kernel()
True

sage: A.left_kernel() == L.row_space()
True

AUTHOR:

Billy Wonderly (2010-07)

sage.matrix.special.random_unimodular_matrix(parent, upper_bound=None, max_tries=100)
This function is available as random_unimodular_matrix(...) and matrix.random_unimodular(...).

Generate a random unimodular (determinant 1) matrix of a desired size over a desired ring.
INPUT:

* parent - A matrix space specifying the base ring, dimensions and representation (dense/sparse) for the
result. The base ring must be exact.

* upper_bound - For large matrices over QQ or ZZ, upper_bound is the largest value matrix entries can
achieve. But see the warning below.

* max_tries - If designated, number of tries used to generate each new random row; only matters when
upper_bound!=None. Used to prevent endless looping. (default: 100)

A matrix not in reduced row-echelon form with the desired dimensions and properties.
OUTPUT:

An invertible matrix with the desired properties and determinant 1.

61



Sage

9.4 Reference Manual: Matrices and Spaces of Matrices, Release 9.4

Warning: When upper_bound is set, it is possible for this constructor to fail with a ValueError. This
may happen when the upper_bound, rank and/or matrix dimensions are all so small that it becomes infea-
sible or unlikely to create the requested matrix. If you must have this routine return successfully, do not set
upper_bound.

Note: It is easiest to use this function via a call to the random_matrix() function with the
algorithm="unimodular' keyword. We provide one example accessing this function directly, while the re-
mainder will use this more general function.

EXAMPLES:

A matrix size 5 over QQ.

sage: from sage.matrix.constructor import random_unimodular_matrix
sage: matrix_space = sage.matrix.matrix_space.MatrixSpace(QQ, 5)
sage: A = random_unimodular_matrix(matrix_space)

sage: det(A)

1

A matrix size 6 with entries no larger than 50.

sage: B = random_matrix(ZZ, 7, algorithm='unimodular', upper_bound=50)
sage: det(B)

1

sage: all(abs(b) < 50 for b in B.list())

True

A matrix over the number Field in y with defining polynomial 32 — 2y — 2.

sage: y var('y")

sage: K = NumberField(y*2-2%y-2, 'y')

sage: C = random_matrix(K, 3, algorithm='unimodular")
sage: det(C)

sage.

1

sage: C.base_ring() is K
True

AUTHOR:

Billy Wonderly (2010-07)

matrix.special.toeplitz(c, r, ring=None)
This function is available as toeplitz(...) and matrix.toeplitz(...).

Return a Toeplitz matrix of given first column and first row.

In a Toeplitz matrix, each descending diagonal from left to right is constant, such that:
Ty = Tig1,541-

For more information see the Wikipedia article Toeplitz_matrix.
INPUT:

e ¢ — vector, first column of the Toeplitz matrix
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* r — vector, first row of the Toeplitz matrix, counting from the second column
e ring — base ring (optional, default: None) of the resulting matrix
EXAMPLES:

A rectangular Toeplitz matrix:

sage: matrix.toeplitz([1..4], [5..6])
[15 6]
[2 1 5]
[3 2 1]
[4 3 2]

The following N x N Toeplitz matrix arises in the discretization of boundary value problems:

sage: N = 4

sage: matrix.toeplitz([-2, 1] + [0]*(N-2), [1] + [0]*(N-2))
[-2 1 0 0]

[1 -2 1 0]

[0 1 -2 1]

[0 0 1 -2]

sage.

matrix.special.vandermonde (v, ring=None)
This function is available as vandermonde(...) and matrix.vandermonde...).

Return a Vandermonde matrix of the given vector.
The n dimensional Vandermonde matrix is a square matrix with columns being the powers of a given vector v,

— o J—1 N
Vij=v; 7, ,7=1,...,n.

For more information see the Wikipedia article Vandermonde_matrix.
INPUT:

¢ v — vector, the second column of the Vandermonde matrix

e ring — base ring (optional, default: None) of the resulting matrix
EXAMPLES:

A Vandermonde matrix of order three over the symbolic ring:

sage: matrix.vandermonde(SR.var(['x0"', 'x1', 'x2']))
[ 1 x0 x042]
[ 1 x1 x142]

[ 1 x2 x242]

sage.

matrix.special.vector_on_axis_rotation_matrix(v, i, ring=None)
This function is available as vector_on_axis_rotation_matrix(...) and matrix.vector_on_axis_rotation(...).

Return a rotation matrix M such that det(M) = 1 sending the vector v on the i-th axis so that all other coordinates
of Mwv are zero.

Note: Such a matrix is not uniquely determined. This function returns one such matrix.

INPUT:

* v —vector
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e i—integer

e ring - ring (optional, default: None) of the resulting matrix
OUTPUT:
A matrix

EXAMPLES:

sage: from sage.matrix.constructor import vector_on_axis_rotation_matrix
sage: v = vector((1,2,3))

sage: vector_on_axis_rotation_matrix(v, 2) * v

0, 0, sqrt(14))

sage: vector_on_axis_rotation_matrix(v, 1) * v

(0, sqrt(14), O

sage: vector_on_axis_rotation_matrix(v, 0) * v

(sqrt(14), 0, 0

sage: x,y = var('x,y")

sage: v = vector((x,y))

sage: vector_on_axis_rotation_matrix(v, 1)

[ y/sqrt(xA2 + yr2) -x/sqrt(xA2 + yr2)]

[ x/sqrt(x*2 + yA2) vy/sqrt(xA2 + y*r2)]

sage: vector_on_axis_rotation_matrix(v, 0)

[ x/sart(x*2 + yr2) vy/sqrt(xr2 + y*2)]
[-y/sart(x*2 + yA2) x/sqrt(xA2 + y*2)]

sage: vector_on_axis_rotation_matrix(v, 0) * v
(xA2/sqrt(xA2 + yA2) + yA2/sqrt(xA2 + yA2), ®)
sage: vector_on_axis_rotation_matrix(v, 1) * v
(0, xA2/sqrt(xA2 + yA2) + yr2/sqrt(xA2 + yA2))

sage: v = vector((1,2,3,4))

sage: vector_on_axis_rotation_matrix(v, 0) * v

(sqrt(30), 0, 0, 0

sage: vector_on_axis_rotation_matrix(v, 0, ring=RealField(10))

[ 0.18 0.37 0.55 0.73]

[-0.98 0.068 0.10 0.14]

[ 0.00 -0.93 0.22 0.30]

[ 0.00 0.00 -0.80 0.60]

sage: vector_on_axis_rotation_matrix(v, 0, ring=RealField(10)) * v
(5.5, 0.00..., 0.00..., 0.00...)

AUTHORS:
Sébastien Labbé (April 2010)

sage.matrix.special.zero_matrix(ring, nrows=None, ncols=None, sparse=False)
This function is available as zero_matrix(...) and matrix.zero(...).

Return the nrows x ncols zero matrix over the given ring.
The default ring is the integers.
EXAMPLES:
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sage: M = zero_matrix(QQ, 2); M

[0 0]

[0 0]

sage: M.parent()

Full MatrixSpace of 2 by 2 dense matrices over Rational Field
sage: M = zero_matrix(2, 3); M

[0 0 0]

[0 0 0]

sage: M.parent()

Full MatrixSpace of 2 by 3 dense matrices over Integer Ring
sage: M.is_mutable()

True

sage: M = zero_matrix(3, 1, sparse=True); M

[0]

[0]

[0]

sage: M.parent()

Full MatrixSpace of 3 by 1 sparse matrices over Integer Ring
sage: M.is_mutable()

True

sage: matrix.zero(5)
[0 000 0]

[0 000 0]

[0 000 0]

[0 0 0 0 0]

[0 000 0]
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CHAPTER
FOUR

HELPERS FOR CREATING MATRICES

class sage.matrix.args.MatrixArgs
Bases: object

Collect arguments for constructing a matrix.

This class is meant to pass around arguments, for example from the global matrix () constructor to the matrix
space or to the element class constructor.

A typical use case is first creating a MatrixArgs instance, possibly adjusting the attributes. This instance can
then be passed around and a matrix can be constructed from it using the matrix () method. Also, a flat list can
be constructed using 1ist () or a sparse dict using dict (). It is safe to construct multiple objects (of the same
or a different kind) from the same MatrixArgs instance.

MatrixArgs also supports iteration using the iter () method. This is a more low-level interface.

When MatrixArgs produces output, it is first finalized. This means that all missing attributes are derived or
guessed. After finalization, you should no longer change the attributes or it will end up in an inconsistent state.
You can also finalize explicitly by calling the finalized() method.

A MatrixArgs can contain invalid input. This is not checked when constructing the MatrixArgs instance, but
it is checked either when finalizing or when constructing an object from it.

Warning: Instances of this class should only be temporary, they are not meant to be stored long-term.

EXAMPLES:

sage: from sage.matrix.args import MatrixArgs

sage: ma = MatrixArgs(2, 2, (x for x in range(4))); ma

<MatrixArgs for None; typ=UNKNOWN; entries=<generator ...>>

sage: ma.finalized()

<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Integer Ring;..
—typ=SEQ_FLAT; entries=[0, 1, 2, 3]>

Many types of input are possible:

sage: ma = MatrixArgs(2, 2, entries=None); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Integer Ring;..
—typ=ZERO; entries=None>

[0 0]

[0 0]

sage: ma = MatrixArgs(2, 2, entries={}); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 sparse matrices over Integer Ring;..
. typ=SEQ_SPARSE; entries=[]>

(continues on next page)
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[0 0]

[0 0]

sage: ma = MatrixArgs(2, 2, entries=[1,2,3,4]); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Integer Ring;..
—typ=SEQ_FLAT; entries=[1, 2, 3, 4]>

[1 2]

[3 4]

sage: ma = MatrixArgs(2, 2, entries=math.pi); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Real Double Field;.
—typ=SCALAR; entries=3.141592653589793>

[3.141592653589793 0.0]

[ 0.0 3.141592653589793]

sage: ma = MatrixArgs(2, 2, entries=pi); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Symbolic Ring;.
—typ=SCALAR; entries=pi>

[pi 0]

[ 0 pi]

sage: ma = MatrixArgs(ZZ, 2, 2, entries={(0,0):7}); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 sparse matrices over Integer Ring;..
—»typ=SEQ_SPARSE; entries=[SparseEntry(0, 0, 7)]>

[7 0]

[0 0]

sage: ma = MatrixArgs(ZZ, 2, 2, entries=((1,2),(3,4))); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Integer Ring;.
—typ=SEQ_SEQ; entries=((1, 2), (3, 4))>

[1 2]

[3 4]

sage: ma = MatrixArgs(ZZ, 2, 2, entries=(1,2,3,4)); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Integer Ring;.
—typ=SEQ_FLAT; entries=(1, 2, 3, 4)>

[1 2]

[3 4]

sage: ma = MatrixArgs(QQ, entries=pari("[1,2;3,4]")); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Rational Field;.
—typ=SEQ_FLAT; entries=[1, 2, 3, 4]>

[1 2]

[3 4]

sage: ma = MatrixArgs(QQ, 2, 2, entries=pari("[1,2,3,4]")); ma.finalized(); ma.
—matrix()

<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Rational Field;.
—typ=SEQ_FLAT; entries=[1, 2, 3, 4]>

[1 2]

[3 4]

sage: ma = MatrixArgs(QQ, 2, 2, entries=pari("3/5")); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Rational Field;.
—.typ=SCALAR; entries=3/5>

[3/5 0]

[ 0 3/5]

sage: ma = MatrixArgs(entries=matrix(2,2)); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Integer Ring;.
—typ=MATRIX; entries=[0 0]

[0 0]>

(continues on next page)
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[0 0]
[0 0]
sage: ma = MatrixArgs(2, 2, entries=lambda i,j: 1+2*i+j); ma.finalized(); ma.
—matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Integer Ring;..
—typ=SEQ_FLAT; entries=[1, 2, 3, 4]>
[1 2]
[3 4]
sage: ma = MatrixArgs(ZZ, 2, 2, entries=lambda i,j: 1+2%i+j); ma.finalized(); ma.
—matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Integer Ring;.
—typ=CALLABLE; entries=<function ...>>
[1 2]
[3 4]
sage: from numpy import array
sage: ma = MatrixArgs(array([[1,2],[3,4]11)); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Integer Ring;.
—typ=SEQ_SEQ; entries=array([[1l, 2],
[3, 411)>
[1 2]
[3 4]
sage: ma = MatrixArgs(array([[1.,2.],[3.,4.]1]1)); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Real Double Field;..
—typ=MATRIX; entries=[1.0 2.0]
[3.0 4.0]>
[1.0 2.0]
[3.0 4.0]
sage: ma = MatrixArgs(RealField(20), array([[1l.,2.],[3.,4.11)); ma.finalized(); ma.
—matrix()
<MatrixArgs for Full MatrixSpace of 2 by 2 dense matrices over Real Field with 20.
—bits of precision; typ=MATRIX; entries=[1.0 2.0]
[3.0 4.0]>
[1.0000 2.0000]
[3.0000 4.0000]
sage: ma = MatrixArgs(graphs.CycleGraph(3)); ma.finalized(); ma.matrix()
<MatrixArgs for Full MatrixSpace of 3 by 3 dense matrices over Integer Ring;.
—typ=MATRIX; entries=[0 1 1]
[1 0 1]
[110]>
[0 1 1]
[1 0 1]
[1 1 0]

sage: ma = MatrixArgs([vector([0®,1], sparse=True), vector([0,0], sparse=True)],.
—,sparse=True)

sage: ma.finalized(); ma.matrix()

<MatrixArgs for Full MatrixSpace of 2 by 2 sparse matrices over Integer Ring;.
—»typ=SEQ_SPARSE; entries=[SparseEntry(0, 1, 1)]>

[0 1]

[0 0]

Test invalid input:
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sage: MatrixArgs(ZZ, 2, 2, entries="abcd").finalized()
Traceback (most recent call last):

TypeError: unable to convert 'abcd' to a matrix
sage: MatrixArgs(ZZ, 2, 2, entries=MatrixArgs()).finalized()
Traceback (most recent call last):

TypeError: unable to convert <MatrixArgs for None; typ=UNKNOWN; entries=None> to a.
—matrix

base

dict (convert=True)
Return the entries of the matrix as a dict. The keys of this dict are the non-zero positions (i,j). The
corresponding value is the entry at that position. Zero values are skipped.

If convert is True, the entries are converted to the base ring. Otherwise, the entries are returned as given.

EXAMPLES:

sage: from sage.matrix.args import MatrixArgs

sage: L = list(range(6))

sage: MatrixArgs(2, 3, L).dictQ

{@, 1D: 1, (0, 2): 2, (1, ®: 3, (1, 1D: 4, (1, 2): 5}

sage: ma = MatrixArgs(GF(2), 2, 3, L)

sage: ma.dict(convert=False)

{@, 1: 1, (0, 2): 2, (1, ®: 3, (1, 1D: 4, (1, 2): 5}
sage: ma.dict(Q)

{@, 1: 1, (1, ®: 1, (1, 2): 1%

entries

finalized()
Determine all missing values.

Depending on the input, this might be a non-trivial operation. In some cases, this will do most of the work
of constructing the matrix. That is actually not a problem since we eventually want to construct the matrix
anyway. However, care is taken to avoid double work or needless checking or copying.

OUTPUT: self
EXAMPLES:

sage: from sage.matrix.args import MatrixArgs
sage: MatrixArgs(pi).finalized()
Traceback (most recent call last):

TypeError: the dimensions of the matrix must be specified
sage: MatrixArgs(RR, pi).finalized()
Traceback (most recent call last):

TypeError: the dimensions of the matrix must be specified

sage: MatrixArgs(2, 3, 0.0).finalized()

<MatrixArgs for Full MatrixSpace of 2 by 3 dense matrices over Real Field with.
53 bits of precision; typ=ZERO; entries=0.000000000000000>

(continues on next page)
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sage: MatrixArgs(RR, 2, 3, 1.0).finalized(Q)
Traceback (most recent call last):

TypeError: nonzero scalar matrix must be square

Check trac ticket #19134:

sage: matrix(2, 3, [D
Traceback (most recent call last):

ValueError: sequence too short (expected length 6, got 0)
sage: matrix(Zz, 2, 3, [])
Traceback (most recent call last):

ValueError: sequence too short (expected length 6, got 0)
sage: matrix(2, 3, [1])
Traceback (most recent call last):

ValueError: sequence too short (expected length 6, got 1)

iter (convert=True, sparse=False)
Iteration over the entries in the matrix

INPUT:

e convert — If True, the entries are converted to the base right. If False, the entries are returned as
given.

¢ sparse — See OUTPUT below.
OUTPUT: iterator

 If sparse is False: yield all entries of the matrix in the following order:

[1 2 3]
[4 5 6]

* If sparse is True: yield instances of SparseEntry. The indices (i, j) are guaranteed to lie within
the matrix. Zero entries in the input are not skipped.

Warning: If an iterator is given as input to MatrixArgs, it may be exhausted breaking any further
usage. Otherwise, it is safe to iterate multiple times.

EXAMPLES:

sage: from sage.matrix.args import SparseEntry, MatrixArgs
sage: ma = MatrixArgs(ZZ, 2, 3, iter(range(6)))

sage: list(ma.iter())

[6, 1, 2, 3, 4, 5]

sage: ma = MatrixArgs(ZZ, 3, 3, [SparseEntry(0, 0, 0)])
sage: list(ma.iter())

Traceback (most recent call last):

TypeError: dense iteration is not supported for sparse input
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Sparse examples:

sage: ma = MatrixArgs(3, 3, pi)

sage: list(ma.iter(sparse=True))

[SparseEntry(®, 0, pi), SparseEntry(l, 1, pi), SparseEntry(2, 2, pi)]
sage: ma = MatrixArgs(2, 3)

sage: list(ma.iter(sparse=True))

[]

sage: ma = MatrixArgs(2, 2, lambda i, j: i > j)

sage: list(ma.iter(convert=False, sparse=True))
[SparseEntry (0, 0, False),

SparseEntry(®, 1, False),

SparseEntry(l, 0, True),

SparseEntry(1l, 1, False)]

sage: ma = MatrixArgs(2, 2, {(1,0):88, (0,1):89})
sage: sorted(tuple(x) for x in ma.iter(sparse=True))
[(b, 1, 89), (1, O, 88)]
sage: ma = MatrixArgs(QQ, 2, 1, {(1,0):88, (0,1):89})
sage: ma.finalized()
Traceback (most recent call last):

IndexError: invalid column index 1

sage: ma = MatrixArgs(QQ, 1, 2, {(1,0):88, (0,1):89})
sage: ma.finalized()

Traceback (most recent call last):

IndexError: invalid row index 1

kwds

list

(convert=True)
Return the entries of the matrix as a flat list of scalars.

If possible and convert=False, this returns a direct reference to self.entries without copying.

INPUT:

» convert — If True, the entries are converted to the base ring. Otherwise, the entries are returned as
given.

Note: This changes self.entries to the returned list. This means that it is unsafe to access the self.
entries attribute after calling this method

EXAMPLES:

sage: from sage.matrix.args import MatrixArgs
sage: L = list(range(6))

sage: MatrixArgs(2, 3, L).list(Q

[0, 1, 2, 3, 4, 5]

sage: ma = MatrixArgs(RDF, 2, 3, L)
sage: ma.list(convert=False)

[6, 1, 2, 3, 4, 5]

sage: ma.list(Q)

[6.0, 1.0, 2.0, 3.0, 4.0, 5.0]
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If we remove our reference to the input L and convert=False, no copy is made:

sage: idL = id(L)

sage: ma = MatrixArgs(2, 3, L)
sage: del L

sage: L = ma.list(convert=False)
sage: id(L) == idL

True

matrix(convert=True)
Return the entries of the matrix as a Sage Matrix.

If possible, this returns a direct reference to self.entries without copying.

INPUT:

* convert —if True, the matrix is guaranteed to have the correct parent matrix space. If False, the input
matrix may be returned even if it lies in the wrong space.

Note: This changes self.entries to the returned matrix. This means that it is unsafe to access the
self.entries attribute after calling this method.

EXAMPLES:

sage: from sage.matrix.args import MatrixArgs
sage: M = matrix(2, 3, range(6), sparse=True)

sage: ma = MatrixArgs(M); ma.finalized()

<MatrixArgs for Full MatrixSpace of 2 by 3 sparse matrices over Integer Ring;..
—typ=MATRIX; entries=[0 1 2]

[3 4 5]>

sage: ma.matrix()

[0 1 2]

[3 4 5]

sage: ma = MatrixArgs(M, sparse=False); ma.finalized()

<MatrixArgs for Full MatrixSpace of 2 by 3 dense matrices over Integer Ring;..
—typ=MATRIX; entries=[0 1 2]

[3 4 5]>

sage: ma.matrix()

[0 1 2]

[3 4 5]

sage: ma = MatrixArgs(RDF, M); ma.finalized()

<MatrixArgs for Full MatrixSpace of 2 by 3 sparse matrices over Real Double.
—Field; typ=MATRIX; entries=[0 1 2]

[3 4 5]>

sage: ma.matrix(convert=False)

[0 1 2]

[3 4 5]

sage: ma.matrix()

[0.0 1.0 2.0]

[3.0 4.0 5.0]
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If we remove our reference to the input M, no copy is made:

sage: idM = idQD

sage: ma = MatrixArgs(M)
sage: del M

sage: M = ma.matrix()
sage: id(M) == idM

True

Immutable matrices are never copied:

sage: M.set_immutable()
sage: matrix(M) is M
True

ncols
nrows

set_space(space)
Set inputs from a given matrix space.

INPUT:
e space —a MatrixSpace

EXAMPLES:

sage: from sage.matrix.args import MatrixArgs
sage: ma = MatrixArgs(Q)

sage: S = MatrixSpace(QQ, 3, 2, sparse=True)
sage: _ = ma.set_space(S)

sage: ma.finalized()

<MatrixArgs for Full MatrixSpace of 3 by 2 sparse matrices over Rational Field;.
—typ=ZERO; entries=None>

sage: M = ma.matrix(); M

[0 0]

[0 0]

[0 0]

sage: M.parent() is S

True

space
sparse

sage.matrix.args.MatrixArgs_init (space, entries)
Construct a MatrixArgs object from a matrix space and entries. This is the typical use in a matrix constructor.

If the given entries is already an instance of MatrixArgs, then just set the space and return the same object.

EXAMPLES:

sage: from sage.matrix.args import MatrixArgs_init
sage: S = MatrixSpace(GF(2), 2, 4)

sage: ma = MatrixArgs_init(S, {(1,3):7})

sage: M = ma.matrix(); M

[0 0 0 0]

(continues on next page)
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[0 0 0 1]
sage: parent(M) is S
True

class sage.matrix.args.SparseEntry
Bases: object

Specialized class for dealing with sparse input in MatrixArgs. An instance of SparseEntry represents one
position in a matrix to be constructed. To construct a sparse matrix, one would typically make a list of such.

Previous versions of Sage used a dict as data structure for sparse input, but that is not so suitable because the
keys are not guaranteed to be of the correct format. There is also the performance cost of creating tuples of
Python integers.

Users of this class are expected to know what they are doing, so the indices are not checked when constructing
a matrix.

INPUT:
e i, j —row and column index
* entry — value to be put at position (i, j)

EXAMPLES:

sage: from sage.matrix.args import SparseEntry
sage: SparseEntry(123, 456, "abc")

SparseEntry (123, 456, 'abc')

sage: SparseEntry(1/3, 2/3, x)

Traceback (most recent call last):

TypeError: unable to convert rational 1/3 to an integer

entry
i

j
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CHAPTER
FIVE

MATRICES OVER AN ARBITRARY RING

AUTHORS:
¢ William Stein
e Martin Albrecht: conversion to Pyrex
* Jaap Spies: various functions
» Gary Zablackis: fixed a sign bug in generic determinant.
* William Stein and Robert Bradshaw - complete restructuring.
* Rob Beezer - refactor kernel functions.

Elements of matrix spaces are of class Matrix (or a class derived from Matrix). They can be either sparse or dense,
and can be defined over any base ring.

EXAMPLES:

We create the 2 x 3 matrix

as an element of a matrix space over Q:

sage: M = MatrixSpace(QQ,2,3)

sage: A = M([1,2,3, 4,5,6]); A

[1 2 3]

[4 5 6]

sage: A.parent()

Full MatrixSpace of 2 by 3 dense matrices over Rational Field

Alternatively, we could create A more directly as follows (which would completely avoid having to create the matrix
space):

sage: A = matrix(QQ, 2, [1,2,3, 4,5,6]); A
[1 2 3]
[4 5 6]

We next change the top-right entry of A. Note that matrix indexing is O-based in Sage, so the top right entry is (0, 2),
which should be thought of as “row number 0, column number 2.

sage: A[0,2] = 389

sage: A
[ 1 2 389]
[ 4 5 6]
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Also notice how matrices print. All columns have the same width and entries in a given column are right justified.
Next we compute the reduced row echelon form of A.

sage: A.rref()
[ 1 ® -1933/3]
L 0 1 1550/3]

5.1 Indexing

Sage has quite flexible ways of extracting elements or submatrices from a matrix:

sage: m=[(1, -2, -1, -1,9, (1, 8, 6, 2,2), (1, 1, -1, 1,4, (-1, 2, -2, -1,4)] ; M =.
—matrix(m)

sage: M

[1-2-1-1 9]

[1 8 6 2 2]

[1 1-1 1 4]

[-1 2 -2 -1 4]

Get the 2 x 2 submatrix of M, starting at row index and column index 1:

sage: M[1:3,1:3]
[ 8 6]
[ 1-1]

Get the 2 x 3 submatrix of M starting at row index and column index 1:

sage: M[1:3,[1..3]]
[ 8 6 2]
[ 1 -1 1]

Get the second column of M:

sage: M[:,1]
[-2]
[ 8]
[ 1]
[ 2]

Get the first row of M:

sage: M[O,:]
[1-2-1-1 9]

Get the last row of M (negative numbers count from the end):

sage: M[-1,:]
[-1 2 -2 -1 4]

More examples:
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sage: M[range(2),:]
[1-2-1-1 9]

[1 8 6 2 2]

sage: M[range(2),4]

[91]

[2]

sage: M[range(3),range(5)]
[1-2-1-1 9]

[1 8 6 2 2]

[1 1-1 1 4]

sage: M[3,range(5)]
[-1 2 -2 -1 4]
sage: M[3,:]

[-1 2 -2 -1 4]
sage: M[3,4]

4

sage: M[-1,:]
[-1 2 -2 -1 4]

sage: A = matrix(ZZ,3,4, [3, 2, -5, 0, 1, -1, 1, -4, 1, 0, 1, -3]); A
[ 3 2-5 0]
[ 1 -1 1 -4]
[1 0 1 -3]

A series of three numbers, separated by colons, like n:m: s, means numbers from n up to (but not including) m, in steps
of s. So 8:5:2 means the sequence [0,2,4]:

sage: A[:,0:4:2]
[ 3 -5]
[ 1 1]
[ 1 1]

sage: A[1:,0:4:2]
[1 1]
[1 1]

sage: A[2::-1,:]
[1 0 1 -3]
[ 1 -1 1 -4]
[ 3 2-5 0]

sage: A[1:,3::-1]
[-4 1 -1 1]
[-3 1 0 1]

sage: A[1:,3::-2]
[-4 -1]
[-3 0]

sage: A[2::-1,3:1:-1]
[-3 1]

(continues on next page)
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[-4 1]
[ 0 -5]

We can also change submatrices using these indexing features:

sage: M:matrix([(l, _2! _l’ _1!9)! (1! 8’ 61 2!2)! (11 1! _l’ 114)! (_1! 2’ _2! _114)]);|—1
<>M

-1 9]
2 2]
- 1
-1

4]
4]

N = 00 DN
N~ O R

[1
[1
[1
[-1

Set the 2 x 2 submatrix of M, starting at row index and column index 1:

sage: M[1:3,1:3] = [[1,0],[0,1]]; M
[1-2-1-1 9]

[1 1 0 2 2]
[1 0 1 1 4]
[-1 2 -2 -1 4]

Set the 2 x 3 submatrix of M starting at row index and column index 1:

sage: M[1:3,[1..3]] = M[2:4,0:3]; M
[1-2-1-1 9]

[1 1 0 1 2]
[1-1 2 -2 4]
[-1 2 -2 -1 4]

Set part of the first column of M:

sage: M[1:,0]1=[[2],[31,[4]1]1; M
[1-2-1-1 9]
[2 1 0 1 2]
[ 3 -1 2 -2 4]
[4 2 -2 -1 4]

Or do a similar thing with a vector:

sage: M[1:,0]=vector([-2,-3,-4]); M
[1-2-1-1 9]

[-=2 1 0 1 2]
[-3 -1 2 -2 4]
[-4 2 -2 -1 4]

Or a constant:

sage: M[1:,0]=30; M
[ 1-2-1-1 9]
[30 1 ® 1 2]
[30 -1 2 -2 4]
[30 2 -2 -1 4]

Set the first row of M:
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sage: M[0,:]1=[[20,21,22,23,24]]; M
[20 21 22 23 24]

[30 1 0 1 2]

[30 -1 2 -2 4]

[30 2 -2 -1 4]

sage: M[O,:]=vector([0,1,2,3,4]); M
[0 1 2 3 4]

[30 1 0 1 2]

[30 -1 2 -2 4]

[30 2 -2 -1 4]

sage: M[0,:]=-3; M

[-3 -3 -3 -3 -3]

[30 1 0 1 2]

[30 -1 2 -2 4]

[30 2 -2 -1 4]

sage: A = matrix(Zz,3,4, [3, 2, -5, 0, 1, -1, 1, -4, 1, 0, 1, -3]D; A
[ 3 2 -5 0]
[1-1 1 -4]
[1 0 1 -3]

We can use the step feature of slices to set every other column:

sage: A[:,0:3:2] =5; A
[ 5 2 5 0]
[ 5-1 5 -4]
[ 5 0 5 -3]

sage: A[1:,0:4:2] = [[100,200],[300,400]]; A
[ 5 2 5 0]
[100 -1 200 -4]
[300 O 400 -3]

We can also count backwards to flip the matrix upside down:

sage: A[::-1,:]=A; A
[300 O 400 -3]
[1600 -1 200 -4]
[ 5 2 5 0]

sage: A[1:,3::-1]1=[[2,3,0,1]1,[9,8,7,6]]; A
[300 O 400 -3]
[ 1 O 3 2]
[ 6 7 8 9]

sage: A[l:,::-2] = A[1:,::2]; A
[300 O 400 -3]
[ 1 3 3 1]
[ 6 8 8 6]

sage: A[::-1,3:1:-1] = [[4,3],[1,2],[-1,-2]1]; A

(continues on next page)
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3006 0 -2 -1]
[ 1 3 2 1]
[ 6 8 3 4]

We save and load a matrix:

sage: A = matrix(Integers(8),3,range(9))
sage: loads(dumps(A)) ==
True

MUTABILITY: Matrices are either immutable or not. When initially created, matrices are typically mutable, so one
can change their entries. Once a matrix A is made immutable using A.set_immutable() the entries of A cannot be
changed, and A can never be made mutable again. However, properties of A such as its rank, characteristic polynomial,
etc., are all cached so computations involving A may be more efficient. Once A is made immutable it cannot be changed
back. However, one can obtain a mutable copy of A using copy (A).

EXAMPLES:

sage: A = matrix(RR,2,[1,10,3.5,2])
sage: A.set_immutable()

sage: copy(A) is A

False

The echelon form method always returns immutable matrices with known rank.

EXAMPLES:

sage: A = matrix(Integers(8),3,range(9))
sage: A.determinant()

0

sage: A[0,0] =5

sage: A.determinant()

1

sage: A.set_immutable()

sage: A[0,0] =5

Traceback (most recent call last):

ValueError: matrix is immutable; please change a copy instead (i.e., use copy(M) to.
—»change a copy of M).

5.1.1 Implementation and Design

Class Diagram (an x means that class is currently supported):

x Matrix

x Matrix_sparse

X Matrix_generic_sparse

X Matrix_integer_sparse

X Matrix_rational_sparse
Matrix_cyclo_sparse

X Matrix_modn_sparse
Matrix_RR_sparse

(continues on next page)
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Matrix_CC_sparse
Matrix_RDF_sparse
Matrix_CDF_sparse

x Matrix_dense

X Matrix_generic_dense
X Matrix_integer_dense
X Matrix_rational_dense

Matrix_cyclo_dense -- idea: restrict scalars to QQ, compute charpoly there,.
—then factor
X Matrix_modn_dense

Matrix_RR_dense
Matrix_CC_dense

X Matrix_real_double_dense
X Matrix_complex_double_dense
X Matrix_complex_ball_dense

The corresponding files in the sage/matrix library code directory are named

[matrix] [base ring] [dense or sparse].

New matrices types can only be implemented in Cython.

dddeddeddkkdden [ FYFL 1wk
NON-OPTIONAL

For each base field it is *absolutely* essential to completely
implement the following functionality for that base ring:

* __cinit__ -- should use check_allocarray from cysignals.memory
(only needed if allocate memory)

* __init__ -- this signature: 'def __init__(self, parent, entries, copy, coerce)'

* __dealloc__ -- use sig_free (only needed if allocate memory)

* set_unsafe(self, size_t i, size_t j, x) -- doesn't do bounds or any other checks;..
—assumes x is in self._base_ring

* get_unsafe(self, size_t i, size_t j) -- doesn't do checks

* __richcmp__ -- always the same (I don't know why its needed -- bug in PYREX).

Note that the __init__ function must construct the all zero matrix if " “entries ==,

—None

* LEVEL 2
IMPORTANT (and *highly* recommended) :

After getting the special class with all level 1 functionality to
work, implement all of the following (they should not change
functionality, except speed (always faster!) in any way):

* def _pickle(self):
return data, version
* def _unpickle(self, data, int version)
reconstruct matrix from given data and version; may assume _parent, _nrows,.

—and _ncols are set. (continues on next page)
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Use version numbers >= 0 so if you change the pickle strategy then
old objects still unpickle.

* cdef _list -- list of underlying elements (need not be a copy)

* cdef _dict -- sparse dictionary of underlying elements

* cdef _add_ -- add two matrices with identical parents

* _matrix_times_matrix_c_impl -- multiply two matrices with compatible dimensions and
identical base rings (both sparse or both dense)

* cpdef _richcmp_ -- compare two matrices with identical parents

%

cdef _lmul_c_impl -- multiply this matrix on the right by a scalar, i.e., self *_
—scalar

* cdef _rmul_c_impl -- multiply this matrix on the left by a scalar, i.e., scalar *.
—self

* __copy__
* __neg__

The list and dict returned by _list and _dict will *not* be changed
by any internal algorithms and are not accessible to the user.

R R R R AR LEVEL 3
OPTIONAL:

* cdef _sub_
__invert__

* _multiply_classical
__deepcopy__

Further special support:
* Matrix windows -- to support Strassen multiplication for a given base ring.
* Other functions, e.g., transpose, for which knowing the
specific representation can be helpful.

. hote::
- For caching, use self.fetch and self.cache.

- Any method that can change the matrix should call
““check_mutability() " first. There are also many fast cdef'd bounds checking..
—methods.

- Kernels of matrices
Implement only a left_kernel() or right_kernel() method, whichever requires
the least overhead (usually meaning little or no transposing). Let the
methods in the matrix2 class handle left, right, generic kernel distinctions.
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CHAPTER
SIX

BASE CLASS FOR MATRICES, PART 0

Note: For design documentation see matrix/docs.py.

EXAMPLES:

sage: matrix(2,[1,2,3,4])
[1 2]
[3 4]

class sage.matrix.matrix®.Matrix
Bases: sage.structure.element.Matrix

A generic matrix.

The Matrix class is the base class for all matrix classes. To create a Matrix, first create a MatrixSpace, then
coerce a list of elements into the MatrixSpace. See the documentation of MatrixSpace for more details.

EXAMPLES:

We illustrate matrices and matrix spaces. Note that no actual matrix that you make should have class Matrix; the
class should always be derived from Matrix.

sage: M = MatrixSpace(CDF,2,3); M

Full MatrixSpace of 2 by 3 dense matrices over Complex Double Field

sage: a = M([1,2,3, 4,5,6]); a

[1.0 2.0 3.0]

[4.0 5.0 6.0]

sage: type(a)

<type 'sage.matrix.matrix_complex_double_dense.Matrix_complex_double_dense'>
sage: parent(a)

Full MatrixSpace of 2 by 3 dense matrices over Complex Double Field

sage: matrix(CDF, 2,3, [1,2,3, 4,5,6])
[1.0 2.0 3.0]

[4.0 5.0 6.0]

sage: Mat(CDF,2,3)(range(1,7))

[1.0 2.0 3.0]

[4.0 5.0 6.0]

sage: Q.<i,j,k> = QuaternionAlgebra(QQ, -1,-1)
sage: matrix(Q,2,1,[1,2])

(continues on next page)
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[1]
[2]

act_on_polynomial (f)
Return the polynomial f(self*x).

INPUT:
* self - an nxn matrix
e f - apolynomial in n variables x=(x1,...,xn)

OUTPUT: The polynomial f(self*x).

EXAMPLES:

sage: R.<x,y> = QQ[]

sage: x, ¥y = R.gens()

sage: £ = x*%2 - y¥¥2

sage: M = MatrixSpace(QQ, 2)
sage: A = M([1,2,3,4D

sage: A.act_on_polynomial (f)
-8*xA2 - 20%x*y - 12%yAr2

add_multiple_of_column(i, j, s, start_row=0)
Add s times column j to column i.

EXAMPLES: We add -1 times the third column to the second column of an integer matrix, remembering
to start numbering cols at zero:

sage: a = matrix(ZZ,2,3,range(6)); a
[0 1 2]

[3 4 5]

sage: a.add_multiple_of_column(1,2,-1)
sage: a

[0 -1 2]

[ 3 -1 5]

To add a rational multiple, we first need to change the base ring:

sage: a = a.change_ring(QQ)
sage: a.add_multiple_of column(1,0,1/3)

sage: a
[ 0 -1 2]
[3 0 5]

If not, we get an error message:

sage: a.add_multiple_of_column(1,0,SR.I())
Traceback (most recent call last):

TypeError: Multiplying column by Symbolic Ring element cannot be done over.
—Rational Field, use change_ring or with_added_multiple_of_column instead.

add_multiple_of_row(i,j, s, start_col=0)
Add s times row j to row i.
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EXAMPLES: We add -3 times the first row to the second row of an integer matrix, remembering to start
numbering rows at zero:

sage: a = matrix(ZZ,2,3,range(6)); a
[0 1 2]

[3 4 5]

sage: a.add_multiple_of row(1,0,-3)
sage: a

[6 1 2]

[ 3 1-1]

To add a rational multiple, we first need to change the base ring:

sage: a = a.change_ring(QQ)

sage: a.add_multiple_of_row(1,0,1/3)
sage: a

[ © 1 2]

[ 3 4/3 -1/3]

If not, we get an error message:

sage: a.add_multiple_of row(1,0,SR.I())
Traceback (most recent call last):

TypeError: Multiplying row by Symbolic Ring element cannot be done over.
—Rational Field, use change_ring or with_added_multiple_of_row instead.

add_to_entry(i, j, elt)
Add elt to the entry at position (i, j).

EXAMPLES:

sage: m = matrix(QQ['x,y'], 2, 2)
sage: m.add_to_entry(0, 1, 2)
sage: m

[0 2]

[0 0]

anticommutator (other)
Return the anticommutator self and other.

The anticommutator of two n x n matrices A and B is defined as { A, B} := AB + BA (sometimes this
is written as [A, B] ).

EXAMPLES:

sage: A = Matrix(ZZ, 2, 2, range(4))

sage: B = Matrix(ZZ, 2, 2, [0, 1, 0, 0])

sage: A.anticommutator(B)

[2 3]

[0 2]

sage: A.anticommutator(B) == B.anticommutator(A)
True

sage: A.commutator(B) + B.anticommutator(A) == 2%A*B
True
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base_ring()

Return the base ring of the matrix.

EXAMPLES:

sage: m=matrix(QQ,2,[1,2,3,4])
sage: m.base_ring()
Rational Field

change_ring(ring)

Return the matrix obtained by coercing the entries of this matrix into the given ring.

Always returns a copy (unless self is immutable, in which case returns self).

EXAMPLES:

sage: A = Matrix(QQ, 2, 2, [1/2, 1/3, 1/3,

sage: A.parent()

1/41)

Full MatrixSpace of 2 by 2 dense matrices over Rational Field

sage: A.change_ring(GF(25,'a"))

[3 2]

[2 4]

sage: A.change_ring(GF(25, 'a')).parent()

Full MatrixSpace of 2 by 2 dense matrices over Finite Field in a of size 542

sage: A.change_ring(ZZ)
Traceback (most recent call last):

TypeError: matrix has denominators so can.

..t change to ZZ

Changing rings preserves subdivisions:

sage: A.subdivide([1], []); A
[1/2 1/3]

[1/3 1/4]
sage: A.change_ring(GF(25,'a"))

commutator (other)

Return the commutator self*other - other*self.

EXAMPLES:

sage: A = Matrix(ZZ, 2, 2, range(4))
sage: B = Matrix(ZzZ, 2, 2, [0, 1, 0, 0])
sage: A.commutator(B)

[-2 -3]

[ 0 2]

sage: A.commutator(B) == -B.commutator(A)
True

dict(copy=True)

Dictionary of the elements of self with keys pairs (i, j) and values the nonzero entries of self.

INPUT:
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* copy — (default: True) make a copy of the dict corresponding to self

If copy=True, then is safe to change the returned dictionary. Otherwise, this can cause undesired behavior
by mutating the dict.

EXAMPLES:

sage: R.<x,y> = QQ[]

sage: a = matrix(R,2,[x,y,0, 0,0,2*x+y]); a
[ X y 0]

[ 0 0 2%x + y]

sage: d = a.dict(Q); d

{@, ®: x, (0, D: vy, (1, 2): 2*x + y}

Notice that changing the returned list does not change a (the list is a copy):

sage: d[0,0] = 25

sage: a
[ X y 0]
[ 0 0 2*x + y]
dimensions ()
Return the dimensions of this matrix as the tuple (nrows, ncols).
EXAMPLES:

sage: M = matrix([[1,2,3],[4,5,6]11)
sage: N = M.transpose()

sage: M.dimensions()

2, 3)

sage: N.dimensions()

@3, 2)

AUTHORS:
* Benjamin Lundell (2012-02-09): examples

inverse_of_unit (algorithm=None)
Return the inverse of this matrix in the same matrix space.

The matrix must be invertible on the base ring. Otherwise, an ArithmeticError is raised.

The computation goes through the matrix of cofactors and avoids division. In particular the base ring does
not need to have a fraction field.

INPUT:
¢ algorithm — (default: None) either None or "df" (for division free)

EXAMPLES:

sage: R.<a,b,c,d> = ZZ[]

sage: RR = R.quotient(a*d-b*c-1)
sage: a,b,c,d = RR.gens()

sage: m = matrix(2, [a,b,c,d])
sage: n = m.inverse_of_unit()
sage: m * n

[1 0]

[0 1]

(continues on next page)
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sage: matrix(RR, 2, 1, [a,b]).inverse_of_unit()
Traceback (most recent call last):

ArithmeticError: self must be a square matrix
sage: matrix(RR, 1, 1, [2]).inverse_of_unit()
Traceback (most recent call last):

NotImplementedError: Lifting of multivariate polynomials over non-fields is not.
—implemented.

sage: R = ZZ.cartesian_product(ZZ)

sage: m = matrix(R, 2, [R((2,1)), R((1,1)), R((1,1)), RC(1,2)D)
sage: m * m.inverse_of_unit()

[(1, 1) (0, 0]

[0, 0 (1, 1]

Tests for trac ticket #28570:

sage: P = posets.Tamarilattice(7)

sage: M = P._hasse_diagram._leq_matrix

sage: M.inverse_of_unit() # this was very slow, now 1s
429 x 429 sparse matrix over Integer Ring...

sage: m = matrix(Zmod(2*+*2), 1, 1, [1], sparse=True)

sage: mi = ~m; mi

[1]

sage: mi.parent()

Full MatrixSpace of 1 by 1 sparse matrices over Ring of integers modulo 4

is_alternating()
Return True if self is an alternating matrix.

Here, “alternating matrix” means a square matrix A satisfying A7 = —A and such that the diagonal
entries of A are 0. Notice that the condition that the diagonal entries be 0 is not redundant for matrices
over arbitrary ground rings (but it is redundant when 2 is invertible in the ground ring). A square matrix
A only required to satisfy AT = — A is said to be “skew-symmetric”, and this property is checked by the
is_skew_symmetric() method.

EXAMPLES:

sage: m = matrix(QQ, [[0,2], [-2,0]]1)
sage: m.is_alternating()

True

sage: m = matrix(QQ, [[1,2], [2,11D)
sage: m.is_alternating()

False

In contrast to the property of being skew-symmetric, the property of being alternating does not tolerate
nonzero entries on the diagonal even if they are their own negatives:

sage: n = matrix(Zmod(4), [[0, 1], [-1, 211D
sage: n.is_alternating(Q)
False
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is_dense()
Return True if this is a dense matrix.

In Sage, being dense is a property of the underlying representation, not the number of nonzero entries.

EXAMPLES:

sage: matrix(QQ,2,2,range(4)).is_dense()

True

sage: matrix(QQ,2,2,range(4),sparse=True).is_dense()
False

is_hermitian()
Return True if the matrix is equal to its conjugate-transpose.

OUTPUT:
True if the matrix is square and equal to the transpose with every entry conjugated, and False otherwise.

Note that if conjugation has no effect on elements of the base ring (such as for integers), then the
is_symmetric() method is equivalent and faster.

This routine is for matrices over exact rings and so may not work properly for matrices over RR or
CC. For matrices with approximate entries, the rings of double-precision floating-point numbers, RDF
and CDF, are a better choice since the sage.matrix.matrix_double_dense.Matrix_double_dense.
is_hermitian() method has a tolerance parameter. This provides control over allowing for minor dis-
crepancies between entries when checking equality.

The result is cached.

EXAMPLES:

sage: A = matrix(QQbar, [[ 1 + I, 1 - 6*I, -1 - I],
ek [-3 - I, -4*T, -27,
..... [-1 + I, -2 - 8*I, 2+ I1D

sage: A.is_hermitian()

False

sage: B = A*A.conjugate_transpose()
sage: B.is_hermitian()

True

Sage has several fields besides the entire complex numbers where conjugation is non-trivial.

sage: F.<b> = QuadraticField(-7)

sage: C = matrix(F, [[-2*b - 3, 7*b - 6, -b + 3],
ceeat [-2"b - 3, -3*b + 2, -2%b],
it [ b+ 1, 0, -21D
sage: C.is_hermitian()

False

sage: C = C*C.conjugate_transpose()

sage: C.is_hermitian()

True

A matrix that is nearly Hermitian, but for a non-real diagonal entry.

sage: A = matrix(QQbar, [[ 2, 2-I, 1+4*I],
[ 241, 3+I, 2-6*1I7,
et [1-4%I, 2+6%I, 511)

(continues on next page)
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sage: A.is_hermitian()
False

sage: A[1,1] = 132
sage: A.is_hermitian()
True

Rectangular matrices are never Hermitian.

sage: A = matrix(QQbar, 3, 4)
sage: A.is_hermitian()
False

A square, empty matrix is trivially Hermitian.

sage: A = matrix(QQ, 0, ©)
sage: A.is_hermitian()
True

is_immutable()
Return True if this matrix is immutable.

See the documentation for self.set_immutable for more details about mutability.

EXAMPLES:

sage: A = Matrix(QQ['t','s'], 2, 2, range(4))
sage: A.is_immutable()

False

sage: A.set_immutable()

sage: A.is_immutable()

True

is_invertible()
Return True if this matrix is invertible.

EXAMPLES: The following matrix is invertible over QQ but not over Z.

sage: A = MatrixSpace(ZZ, 2)(range(4))
sage: A.is_invertible()

False

sage: A.matrix_over_field().is_invertible()
True

The inverse function is a constructor for matrices over the fraction field, so it can work even if A is not
invertible.

sage: ~A # inverse of A
[-3/2 1/2]
[ 1 0]

The next matrix is invertible over Z.

sage: A = MatrixSpace(IntegerRing(),2)([1,10,0,-1])
sage: A.is_invertible()
True

(continues on next page)
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sage: ~A # compute the inverse
[ 1 10]
[ 0 -1]

The following nontrivial matrix is invertible over Z[z].

sage: R.<x> = PolynomialRing(IntegerRing())
sage: A = MatrixSpace(R,2)([1,x,0,-1])
sage: A.is_invertible()

True

sage: ~A

[ 1 x]

[ 0 -1]

is_mutable()
Return True if this matrix is mutable.

See the documentation for self.set_immutable for more details about mutability.

EXAMPLES:

sage: A = Matrix(QQ['t','s'], 2, 2, range(4))
sage: A.is_mutable()

True

sage: A.set_immutable()

sage: A.is_mutable()

False

is_singular()
Return True if self is singular.

OUTPUT:

A square matrix is singular if it has a zero determinant and this method will return True in exactly this
case. When the entries of the matrix come from a field, this is equivalent to having a nontrivial kernel, or
lacking an inverse, or having linearly dependent rows, or having linearly dependent columns.

For square matrices over a field the methods is_invertible () and is_singular () are logical opposites.
However, it is an error to apply is_singular() to a matrix that is not square, while is_invertible ()
will always return False for a matrix that is not square.

EXAMPLES:

A singular matrix over the field QQ.

sage: A = matrix(QQ, 4, [-1,2,-3,6,0,-1,-1,0,-1,1,-5,7,-1,6,5,2])
sage: A.is_singular()

True

sage: A.right_kernel().dimension()

1

A matrix that is not singular, i.e. nonsingular, over a field.

sage: B = matrix(QQ, 4, [1,-3,-1,-5,2,-5,-2,-7,-2,5,3,4,-1,4,2,6])
sage: B.is_singular()
False

(continues on next page)
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sage: B.left_kernel().dimension()
0

For rectangular matrices, invertibility is always False, but asking about singularity will give an error.

sage: C = matrix(QQ, 5, range(30))
sage: C.is_invertible()

False

sage: C.is_singular()

Traceback (most recent call last):

ValueError: self must be a square matrix

When the base ring is not a field, then a matrix may be both not invertible and not singular.

sage: D = matrix(ZZ, 4, [2,0,-4,8,2,1,-2,7,2,5,7,0,0,1,4,-6])
sage: D.is_invertible()

False

sage: D.is_singular()

False

sage: d = D.determinant(); d

2

sage: d.is_unit(Q)

False

is_skew_hermitian()

Return True if the matrix is equal to the negative of its conjugate transpose.
OUTPUT:
True if the matrix is square and equal to the negative of its conjugate transpose, and False otherwise.

Note that if conjugation has no effect on elements of the base ring (such as for integers), then the
is_skew_symmetric() method is equivalent and faster.

This routine is for matrices over exact rings and so may not work properly for matrices over RR or
CC. For matrices with approximate entries, the rings of double-precision floating-point numbers, RDF
and CDF, are a better choice since the sage.matrix.matrix_double_dense.Matrix_double_dense.
is_skew_hermitian() method has a tolerance parameter. This provides control over allowing for minor
discrepancies between entries when checking equality.

The result is cached.

EXAMPLES:

sage: A = matrix(QQbar, [[0, -1],
et [1, 0ID
sage: A.is_skew_hermitian()

True

A matrix that is nearly skew-Hermitian, but for a non-real diagonal entry.

sage: A = matrix(QQbar, [[ -I, -1, 1-I],
iaeat [ 1, 1, -117,
[-1-1, 1, -I1D
sage: A.is_skew_hermitian()

(continues on next page)
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False

sage: A[1,1] = -1

sage: A.is_skew_hermitian()
True

Rectangular matrices are never skew-Hermitian.

sage: A = matrix(QQbar, 3, 4)
sage: A.is_skew_hermitian()
False

A square, empty matrix is trivially Hermitian.

sage: A = matrix(QQ, 0, 0)
sage: A.is_skew_hermitian()
True

is_skew_symmetric()
Return True if self is a skew-symmetric matrix.

Here, “skew-symmetric matrix”” means a square matrix A satisfying A7 = — A. It does not require that the
diagonal entries of A are 0 (although this automatically follows from A7 = — A when 2 is invertible in the
ground ring over which the matrix is considered). Skew-symmetric matrices A whose diagonal entries are
0 are said to be “alternating”, and this property is checked by the is_alternating () method.

EXAMPLES:

sage: m = matrix(QQ, [[0,2]1, [-2,0]]1)
sage: m.is_skew_symmetric()

True

sage: m = matrix(QQ, [[1,2], [2,11D)
sage: m.is_skew_symmetric()

False

Skew-symmetric is not the same as alternating when 2 is a zero-divisor in the ground ring:

sage: n = matrix(Zmod(4), [[0, 11, [-1, 21D
sage: n.is_skew_symmetric()
True

but yet the diagonal cannot be completely arbitrary in this case:

sage: n = matrix(Zmod(4), [[0, 1], [-1, 31D
sage: n.is_skew_symmetric()
False

is_skew_symmetrizable (return_diag=False, positive=True)
This function takes a square matrix over an ordered integral domain and checks if it is skew-symmetrizable.
A matrix B is skew-symmetrizable iff there exists an invertible diagonal matrix D such that DB is skew-
symmetric.

Warning: Expects self to be a matrix over an ordered integral domain.

INPUT:
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e return_diag — bool(default:False) if True and self is skew-symmetrizable the diagonal entries of
the matrix D are returned.

* positive — bool(default: True) if True, the condition that D has positive entries is added.
OUTPUT:
e True —if self is skew-symmetrizable and return_diag is False

* the diagonal entries of a matrix D such that D B is skew-symmetric — iff self is skew-symmetrizable
and return_diag is True

* False —iff self is not skew-symmetrizable

EXAMPLES:

sage: matrix([[0,6],[3,0]]).is_skew_symmetrizable(positive=False)
True
sage: matrix([[0,6],[3,0]]).is_skew_symmetrizable(positive=True)
False

sage: M = matrix(4,[9,1,9,0,-1,0,-1,0,0,2,0,1,0,0,-1,0]1); M
[0 1 0 0]
[-1 0 -1 0]
[0 2 O 1]
[0 0 -1 0]

sage: M.is_skew_symmetrizable(return_diag=True)
(1, 1, 1/2, 1/2]

sage: M2 = diagonal_matrix([1,1,1/2,1/2])*M; M2
[ © 1 0 0]

[ -1 0 -1 0]

[ © 1 0 1/2]

[ © 0 -1/2 0]

sage: M2.is_skew_symmetric()

True

REFERENCES:

e [FZ2001]

is_sparse()

Return True if this is a sparse matrix.
In Sage, being sparse is a property of the underlying representation, not the number of nonzero entries.

EXAMPLES:

sage: matrix(QQ,2,2,range(4)).is_sparse()

False

sage: matrix(QQ,2,2,range(4),sparse=True).is_sparse()
True

is_square()

Return True precisely if this matrix is square, i.e., has the same number of rows and columns.

EXAMPLES:
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sage: matrix(QQ,2,2,range(4)).is_square()
True
sage: matrix(QQ,2,3,range(6)).is_square()
False

is_symmetric()

Return True if this is a symmetric matrix.
A symmetric matrix is necessarily square.

EXAMPLES:

sage: m=Matrix(QQ,2,range(0,4))
sage: m.is_symmetric()
False

sage: m=Matrix(QQ,2,(1,1,1,1,1,1))
sage: m.is_symmetric()
False

sage: m=Matrix(QQ,1,(2,))
sage: m.is_symmetric()
True

is_symmetrizable (return_diag=False, positive=True)

This function takes a square matrix over an ordered integral domain and checks if it is symmetrizable. A
matrix B is symmetrizable iff there exists an invertible diagonal matrix D such that DB is symmetric.

Warning: Expects self to be a matrix over an ordered integral domain.

INPUT:

e return_diag — bool(default:False) if True and self is symmetrizable the diagonal entries of the
matrix D are returned.

* positive — bool(default:True) if True, the condition that D has positive entries is added.
OUTPUT:
* True —if self is symmetrizable and return_diag is False

* the diagonal entries of a matrix D such that DB is symmetric — iff self is symmetrizable and
return_diag is True

* False —iff self is not symmetrizable

EXAMPLES:

sage: matrix([[0,6],[3,0]]).is_symmetrizable(positive=False)
True

sage: matrix([[0,6],[3,0]]).is_symmetrizable(positive=True)
True

sage: matrix([[0,6],[0,0]]).is_symmetrizable(return_diag=True)
False

(continues on next page)
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sage: matrix([2]).is_symmetrizable(positive=True)
True

sage: matrix([[1,2],[3,4]]).is_symmetrizable(return_diag=true)
[1, 2/3]

REFERENCES:
* [FZ2001]

is_unit()

Return True if this matrix is invertible.

EXAMPLES: The following matrix is invertible over Q but not over Z.

sage: A = MatrixSpace(ZZ, 2)(range(4))
sage: A.is_invertible()

False

sage: A.matrix_over_field().is_invertible()
True

The inverse function is a constructor for matrices over the fraction field, so it can work even if A is not
invertible.

sage: ~A # inverse of A
[-3/2 1/2]
[ 1 0]

The next matrix is invertible over Z.

sage: A = MatrixSpace(IntegerRing(),2)([1,10,0,-1])
sage: A.is_invertible()

True

sage: ~A # compute the inverse

[ 1 10]

[ 0 -1]

The following nontrivial matrix is invertible over Z[z].

sage: R.<x> = PolynomialRing(IntegerRing())
sage: A = MatrixSpace(R,2)([1,x,0,-1])
sage: A.is_invertible()

True

sage: ~A

[ 1 x]

[ 0 -1]

iterates (v, n, rows=True)

Let A be this matrix and v be a free module element. If rows is True, return a matrix whose rows are the
entries of the following vectors:

v,vA,vA% .. vA"TL
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If rows is False, return a matrix whose columns are the entries of the following vectors:
v, Av, A%v, ... A" Ly,

INPUT:
* v - free module element
* n - nonnegative integer

EXAMPLES:

sage: A = matrix(ZZ,2, [1,1,3,5]); A
[1 1]

[3 5]

sage: v = vector([1,0])

sage: A.iterates(v,0)

[]

sage: A.iterates(v,5)
[ 1 0]

[ 1 1]

[ 4 6]

[ 22 34]

[124 192]

Another example:

sage: a = matrix(ZZ,3,range(9)); a
[0 1 2]

[3 4 5]

[6 7 8]

sage: v = vector([1,0,0])

sage: a.iterates(v,4)

[ 1 o0 0]
[ 0 1 2]
[ 15 18 21]

[180 234 288]

sage: a.iterates(v,4,rows=False)
[ 1 0 15 180]

[ © 3 42 558]

[ 06 6 69 936]

linear_combination_of_columns(v)
Return the linear combination of the columns of self given by the coefficients in the list v.

INPUT:
v - alist of scalars. The length can be less than the number of columns of self but not greater.
OUTPUT:

The vector (or free module element) that is a linear combination of the columns of self. If the list of
scalars has fewer entries than the number of columns, additional zeros are appended to the list until it has
as many entries as the number of columns.

EXAMPLES:
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sage: a = matrix(ZZ,2,3,range(6)); a

[0 1 2]

[3 4 5]

sage: a.linear_combination_of_columns([1,1,1])
(3, 12)

sage: a.linear_combination_of_columns([0,0,0])
©, 0

sage: a.linear_combination_of_columns([1/2,2/3,3/4])
(13/6, 95/12)

The list v can be anything that is iterable. Perhaps most naturally, a vector may be used.

sage: v = vector(ZZ, [1,2,3])
sage: a.linear_combination_of_columns(v)
(8, 26)

We check that a matrix with no columns behaves properly.

sage: matrix(QQ,2,0).linear_combination_of_columns([])
©, 0

The object returned is a vector, or a free module element.

sage: B matrix(ZZ, 4, 3, range(l2))

sage: w = B.linear_combination_of_columns([-1,2,-3])
sage: w

(-4, -10, -16, -22)

sage: w.parent()

Ambient free module of rank 4 over the principal ideal domain Integer Ring
sage: x = B.linear_combination_of_columns([1/2,1/3,1/4])
sage: X

(5/6, 49/12, 22/3, 127/12)

sage: x.parent()

Vector space of dimension 4 over Rational Field

The length of v can be less than the number of columns, but not greater.

sage: A = matrix(QQ,3,5, range(l5))

sage: A.linear_combination_of_columns([1,-2,3,-4])
(-8, -18, -28)

sage: A.linear_combination_of_columns([1,2,3,4,5,6])
Traceback (most recent call last):

ValueError: length of v must be at most the number of columns of self

linear_combination_of_rows(v)
Return the linear combination of the rows of self given by the coefficients in the list v.

INPUT:
e v - alist of scalars. The length can be less than the number of rows of self but not greater.

OUTPUT:
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The vector (or free module element) that is a linear combination of the rows of self. If the list of scalars
has fewer entries than the number of rows, additional zeros are appended to the list until it has as many
entries as the number of rows.

EXAMPLES:

sage: a = matrix(ZZ,2,3,range(6)); a

[0 1 2]

[3 4 5]

sage: a.linear_combination_of_rows([1,2])
6, 9, 12)

sage: a.linear_combination_of_rows([0,0])
, 0, ®

sage: a.linear_combination_of_rows([1/2,2/3])
(2, 19/6, 13/3)

The list v can be anything that is iterable. Perhaps most naturally, a vector may be used.

sage: v = vector(Zz, [1,2])
sage: a.linear_combination_of_rows(v)
6, 9, 12)

We check that a matrix with no rows behaves properly.

sage: matrix(QQ,0,2).linear_combination_of_rows([])
©, ®

The object returned is a vector, or a free module element.

sage: B = matrix(ZZ, 4, 3, range(12))

sage: w = B.linear_combination_of _rows([-1,2,-3,4])

sage: w

(24, 26, 28)

sage: w.parent()

Ambient free module of rank 3 over the principal ideal domain Integer Ring
sage: x = B.linear_combination_of _rows([1/2,1/3,1/4,1/5])
sage: X

(43/10, 67/12, 103/15)

sage: x.parent()

Vector space of dimension 3 over Rational Field

The length of v can be less than the number of rows, but not greater.

sage: A = matrix(QQ,3,4,range(12))

sage: A.linear_combination_of_rows([2,3])
(12, 17, 22, 27)

sage: A.linear_combination_of_rows([1,2,3,4])
Traceback (most recent call last):

ValueError: length of v must be at most the number of rows of self

listO
List of the elements of self ordered by elements in each row. It is safe to change the returned list.
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Warning: This function returns a list of the entries in the matrix self. It does not return a list of the
rows of self, so it is different than the output of list(self), which returns [self[0],self[1],.
.1

EXAMPLES:

sage: R.<x,y> = QQ[]

sage: a = matrix(R,2, [X,y,X*y, ¥,X,2%X+y]); a
[ X y x*y]

[ y X 2¥X + y]

sage: v = a.list(Q); v

[x, y, 2%y, ¥, X, 2¥x + V]

Note that list(a) is different than a.list():

sage: a.list(Q)

[x, y, ¥*y, ¥, X, 2¥x + V]
sage: list(a)

[(x, ¥y, x*Y), (¥, X, 2%x + y)]

Notice that changing the returned list does not change a (the list is a copy):

sage: v[0] = 25

sage: a
[ X y x*y]
[ y X 2%xX + vyl
mod (p)
Return matrix mod p, over the reduced ring.
EXAMPLES:

sage: M = matrix(ZZ, 2, 2, [5, 9, 13, 15])

sage: M.mod(7)

[5 2]

[6 1]

sage: parent(M.mod(7))

Full MatrixSpace of 2 by 2 dense matrices over Ring of integers modulo 7

monomial_coefficients (copy=True)
Dictionary of the elements of self with keys pairs (i, j) and values the nonzero entries of self.

INPUT:
* copy — (default: True) make a copy of the dict corresponding to self

If copy=True, then is safe to change the returned dictionary. Otherwise, this can cause undesired behavior
by mutating the dict.

EXAMPLES:

sage: R.<x,y> = QQ[]

sage: a = matrix(R,2,[x,y,0, 0,0,2*x+y]); a
[ X y 0]

[ 0 0 2%x + vyl

(continues on next page)
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sage: d = a.dict(Q); d
{0, ®: x, O, D:y, (1, 2): 2*x + y}

Notice that changing the returned list does not change a (the list is a copy):

sage: d[0,0] = 25

sage: a
[ b y 0]
[ 0 0 2*x + y]

multiplicative_order()
Return the multiplicative order of this matrix, which must therefore be invertible.

Only implemented over finite fields and over Z.
EXAMPLES:
Over finite fields:

sage: A = matrix(GF(59),3,[10,56,39,53,56,33,58,24,55])
sage: A.multiplicative_order()

580

sage: (Ar580).is_one()

True

sage: B = matrix(GF(1000743,'b"'),0)
sage: B.multiplicative_order()
1

sage: E = MatrixSpace(GF(1142,'e"'),5) .random_element()
sage: (E*E.multiplicative_order()).is_one()

True

Over Z:

sage: m = matrix(zZZ,2,2,[-1,1,-1,001)
sage: m.multiplicative_order()

3

sage: m = posets.ChainPoset(6).coxeter_transformation()

sage: m.multiplicative_order()

7

sage: P = posets.TamarilLattice(4).coxeter_transformation()
sage: P.multiplicative_order()

10

sage: M = matrix(ZzZ, 2, 2, [1, 1, O, 1]1)
sage: M.multiplicative_order()
+Infinity

sage: for k in range(600):
ieet m = SL2Z.random_element ()
I o = m.multiplicative_order()

(continues on next page)
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..... if o != Infinity and m**o != SL2Z.one():
..... raise RuntimeError

sage: m24 = matrix.companion(cyclotomic_polynomial(24))
sage: def val(i, j):

..... if i < j:

..... return 0

..... elif i == j:

..... return 1

..... else:

..... return ZZ.random_element(-100, 100)

sage: rnd = matrix(ZZ, 8, 8, val)

sage: (rnd * m24 * rnd.inverse_of_unit()) .multiplicative_order()
24

REFERENCES:

« [CLG1997]
« [KP2002b]

mutate (k)
Mutates self at row and column index k.

Warning: Only makes sense if self is skew-symmetrizable.

INPUT:
* k — integer at which row/column self is mutated.
EXAMPLES:

Mutation of the B-matrix of the quiver of type As:

sage: M = matrix(ZzZ,3,[0,1,0,-1,0,-1,0,1,0]); M
[6 1 0]

[-1 0 -1]

[6 1 0]

sage: M.mutate(0); M

[ 0 -1 0]

[ 1 0 -1]

[6 1 0]

sage: M.mutate(l); M

[0 1 -1]
[-1 ® 1]
[ 1 -1 0]
sage: M = matrix(zZZ,6,[0,1,0,-1,0,-1,0,1,0,1,0,0,0,1,0,0,0,1]1); M
[6 1 0]
[-1 0 -1]
[6 1 0]
[1 0 0]

(continues on next page)
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sage: M.mutate(0); M
[ 0 -1 0]
0 -1]
1 0]
1 0]
1 0]
0 1]

S D~ D

L
L
[_
L
L

REFERENCES:
« [FZ2001]

ncols()
Return the number of columns of this matrix.

EXAMPLES:

sage: M = MatrixSpace(QQ, 2, 3)
sage: A M([1,2,3, 4,5,6])
sage: A

[1 2 3]

[4 5 6]

sage: A.ncols()

3

sage: A.nrows()

2

AUTHORS:
¢ Nagqi Jaffery (2006-01-24): examples

nonpivots()

Return the list of i such that the i-th column of self is NOT a pivot column of the reduced row echelon form

of self.
OUTPUT: sorted tuple of (Python) integers
EXAMPLES:

sage: a = matrix(QQ,3,3,range(9)); a
[0 1 2]

[3 4 5]

[6 7 8]

sage: a.echelon_form()

[1 0 -1]

[6 1 2]

[6 0 0]

sage: a.nonpivots()

2,

nonzero_positions (copy=True, column_order=False)
Return the sorted list of pairs (i, j) such that self[i,j]

INPUT:

1= 0.
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* copy — (default: True) it is safe to change the resulting list (unless you give the option copy=False)

e column_order — (default: False) If True, returns the list of pairs (i, j) such that self[i,j] !=
0, but sorted by columns, i.e., column j=0 entries occur first, then column j=1 entries, etc.

EXAMPLES:

sage: a = matrix(QQ, 2,3, [1,2,0,2,0,0]); a
[1 2 0]

[2 0 0]

sage: a.nonzero_positions()

[(O, ©, (O, 1), (1, O]

sage: a.nonzero_positions(copy=False)

[0, ®, @O, D, (1, O]

sage: a.nonzero_positions(column_order=True)
[0, 0, (1, ®, (O, 1]

sage: a = matrix(QQ, 2,3, [1,2,0,2,0,0], sparse=True); a
[1 2 0]

[2 0 0]

sage: a.nonzero_positions()

[0, 8, (0, 1, (1, 0]

sage: a.nonzero_positions(copy=False)

[0, ®, (O, 1), (1, O]

sage: a.nonzero_positions(column_order=True)

[, ®, (1, 0, (O, D]

nonzero_positions_in_column (i)
Return a sorted list of the integers j such that self[j,i] is nonzero, i.e., such that the j-th position of the
i-th column is nonzero.

INPUT:

* i —an integer
OUTPUT: list
EXAMPLES:

sage: a = matrix(QQ, 3,2, [1,2,0,2,0,0]); a
[1 2]

[0 2]

[0 0]

sage: a.nonzero_positions_in_column(0)

[0]

sage: a.nonzero_positions_in_column(1)

[0, 1]

You will get an IndexError if you select an invalid column:

sage: a.nonzero_positions_in_column(2)
Traceback (most recent call last):

IndexError: matrix column index out of range

nonzero_positions_in_row(i)
Return the integers j such that self[i, j] is nonzero, i.e., such that the j-th position of the i-th row is
nonzero.
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INPUT:

* i —an integer
OUTPUT: list
EXAMPLES:

sage: a = matrix(QQ, 3,2, [1,2,0,2,0,0]); a
[1 2]

[0 2]

[0 0]

sage: a.nonzero_positions_in_row(0)

[0, 1]

sage: a.nonzero_positions_in_row(1l)

[1]

sage: a.nonzero_positions_in_row(2)

(]

nrows ()
Return the number of rows of this matrix.

EXAMPLES:

sage: M = MatrixSpace(QQ,6,7)
sage: A = M([1,2,3,4,5,6,7, 22,3/4,34,11,7,5,3, 99,65,1/2,2/3,3/5,4/5,5/6, 9,8/
-9, 9/8,7/6,6/7,76,4, 0,9,8,7,6,5,4, 123,99,91,28,6,1024,1])

[ 1 2 3 4 5 6 7]
[ 22 3/4 34 11 7 5 3]
[ 99 65 1/2 2/3 3/5 4/5 5/6]
[ 9 8/9 9/8 7/6 6/7 76 4]
[ © 9 8 7 6 5 4]
[ 123 99 91 28 6 1024 1]
sage: A.ncols(Q)

7

sage: A.nrows()

6

AUTHORS:
* Nagqi Jaffery (2006-01-24): examples

permute_columns (permutation)
Permute the columns of self by applying the permutation group element permutation.

As permutation group elements act on integers {1,...,n}, columns are considered numbered from 1 for
this operation.

INPUT:
e permutation —a PermutationGroupElement.

EXAMPLES: We create a matrix:

sage: M = matrix(zzZ,[[1,9,0,0,0],[9,2,0,0,01,[9,9,3,0,01,[0,0,0,4,0],[9,0,0,0,
~511)

sage: M

[1 000 0]

(continues on next page)
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[020 0 0]
[0 0 300]
[0 0 0 4 0]
[0 0 0 0 5]

Next of all, create a permutation group element and act on M with it:

sage: G = PermutationGroup(['(1,2,3)(4,5)", '(1,2,3,4,5)'D)
sage: sigma, tau = G.gens()

sage: sigma

(1,2,3)(4,5

sage: M.permute_columns(sigma)

sage: M

permute_rows (permutation)

Permute the rows of self by applying the permutation group element permutation.

As permutation group elements act on integers {1,...,n}, rows are considered numbered from 1 for this
operation.

INPUT:
e permutation —a PermutationGroupElement

EXAMPLES: We create a matrix:

sage: M= matrix(ZZy[[1v®’®;®y®];[®;2;®1®;®]1[®!®13;®1®];[®;®;®14;®]1[®1®1®;®1
=511

Next of all, create a permutation group element and act on M:

sage: G = PermutationGroup(['(1,2,3)(4,5)", '(1,2,3,4,5)'D)
sage: sigma, tau = G.gens()
sage: sigma

(1,2,3)(4,5

sage: M.permute_rows(sigma)
sage: M

[020 0 0]

[0 0 300]

[1 000 0]

[00 0 0 5]

[0 00 4 0]
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permute_rows_and_columns (row_permutation, column_permutation)
Permute the rows and columns of self by applying the permutation group elements row_permutation
and column_permutation respectively.

As permutation group elements act on integers {1,...,n}, rows and columns are considered numbered
from 1 for this operation.

INPUT:

e row_permutation —a PermutationGroupElement

e column_permutation —a PermutationGroupElement
OUTPUT:

e A matrix.

EXAMPLES: We create a matrix:

sage: M = matrix(zz,[[1,9,0,0,0],[0,2,0,0,0],[0,0,3,0,0],[0,0,0,4,0]1,[0,0,0,0,
=511

Next of all, create a permutation group element and act on M:

sage: G = PermutationGroup(['(1,2,3)(4,5)", '(1,2,3,4,5)'D)
sage: sigma, tau = G.gens()
sage: sigma

(1,2,3)(4,5)

sage: M.permute_rows_and_columns(sigma,tau)
sage: M

[2 0

pivots()
Return the pivot column positions of this matrix.

OUTPUT: a tuple of Python integers: the position of the first nonzero entry in each row of the echelon
form.

This returns a tuple so it is immutable; see trac ticket #10752.

EXAMPLES:

sage: A = matrix(QQ, 2, 2, range(4))
sage: A.pivots()
©, D

rank()
Return the rank of this matrix.

EXAMPLES:
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sage: m = matrix(GF(7),5,range(25))
sage: m.rank()
2

Rank is not implemented over the integers modulo a composite yet.:

sage: m = matrix(Integers(4), 2, [2,2,2,2])
sage: m.rank()
Traceback (most recent call last):

NotImplementedError: Echelon form not implemented over 'Ring of integers modulo.
‘—>4 ! -

rescale_col (i, s, start_row=0)
Replace i-th col of self by s times i-th col of self.

INPUT:
* i - ith column
* s -scalar
e start_row - only rescale entries at this row and lower

EXAMPLES: We rescale the last column of a matrix over the rational numbers:

sage: a = matrix(QQ,2,3,range(6)); a
[0 1 2]

[3 4 5]

sage: a.rescale_col(2,1/2); a

[ © 1 1]

[ 3 45/2]

sage: R.<x> = QQ[]

We rescale the last column of a matrix over a polynomial ring:

sage: a = matrix(R,2,3,[1,x,x*2,x*3,x*4,x*5]); a
[ 1 X xA2]

[xA3 xA4 xA5]

sage: a.rescale_col(2,1/2); a

[ 1 x 1/2%x72]

[ XA3 xA4 1/2%xA5]

We try and fail to rescale a matrix over the integers by a non-integer:

sage: a = matrix(ZZ,2,3,[0,1,2, 3,4,4]); a
[0 1 2]

[3 4 4]

sage: a.rescale_col(2,1/2)

Traceback (most recent call last):

TypeError: Rescaling column by Rational Field element cannot be done over.
—Integer Ring, use change_ring or with_rescaled_col instead.

To rescale the matrix by 1/2, you must change the base ring to the rationals:
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sage: a = a.change_ring(QQ); a
[0 1 2]
[3 4 4]
sage: a.rescale_col(2,1/2); a
[0 1 1]
[3 4 2]

rescale_row(i, s, start_col=0)

Replace i-th row of self by s times i-th row of self.
INPUT:
e i-ithrow
e s -scalar
* start_col - only rescale entries at this column and to the right

EXAMPLES: We rescale the second row of a matrix over the rational numbers:

sage: a = matrix(QQ,3,range(6)); a
[0 1]

[2 3]

[4 5]

sage: a.rescale_row(l,1/2); a

[0 1]

[ 13/2]

[ 4 5]

We rescale the second row of a matrix over a polynomial ring:

sage: R.<x> = QQ[]
sage: a = matrix(R,3,[1,x,x*2,x*3,x*4,x*5]);a

[ 1 x]

[xA2 xA3]

[x74 xA5]

sage: a.rescale_row(l,1/2); a
[ 1 x]

[1/2%x42 1/2%xA3]

[ xA4 xXA5]

We try and fail to rescale a matrix over the integers by a non-integer:

sage: a = matrix(ZZ,2,3,[0,1,2, 3,4,4]); a
[0 1 2]

[3 4 4]

sage: a.rescale_row(1l,1/2)

Traceback (most recent call last):

TypeError: Rescaling row by Rational Field element cannot be done over Integer.
—Ring, use change_ring or with_rescaled_row instead.

To rescale the matrix by 1/2, you must change the base ring to the rationals:

sage: a = a.change_ring(QQ); a
[0 1 2]

(continues on next page)
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[3 4 4]

sage: a.rescale_col(1,1/2); a
[ 0 1/2 2]

[ 3 2 4]

reverse_rows_and_columns ()

Reverse the row order and column order of this matrix.

This method transforms a matrix m;; with 0 < ¢ < mnrows and 0 < j < mncols into

Mprows—i—1,ncols—j—1-

EXAMPLES:

sage: m = matrix(ZZ, 2, 2, range(4))
sage: m.reverse_rows_and_columns()
sage: m

[3 2]

[1 0]

sage: m = matrix(ZZ, 2, 3, range(6), sparse=True)
sage: m.reverse_rows_and_columns()

sage: m

[5 4 3]

[2 1 0]

sage: m = matrix(ZZ, 3, 2, range(6), sparse=True)
sage: m.reverse_rows_and_columns()

sage: m

[5 4]

[3 2]

[1 0]

sage: m.reverse_rows_and_columns()

sage: m

[0 1]

[2 3]

[4 5]

sage: m = matrix(QQ, 3, 2, [1/i for i in range(1,7)])
sage: m.reverse_rows_and_columns()

sage: m

[1/6 1/5]

[1/4 1/3]

[1/2 1]

sage: R.<x,y> = ZZ['x,y"']
sage: m = matrix(R, 3, 3, lambda i,j: x**i*y**j, sparse=True)
sage: m.reverse_rows_and_columns()

sage: m
[x/\z-,':y/\z XAZ:':y x72]
[ X*y"Z X-ky X]
[ yr2 y 1]

If the matrix is immutable, the method raises an error:
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sage: m = matrix(zZzZ, 2, [1, 3, -2, 4])
sage: m.set_immutable()

sage: m.reverse_rows_and_columns()
Traceback (most recent call last):

ValueError: matrix is immutable; please change a copy
instead (i.e., use copy(M) to change a copy of ).

set_col_to_multiple_of_col (i, s)
Set column i equal to s times column j.

EXAMPLES: We change the second column to -3 times the first column.

sage: a = matrix(ZZ,2,3,range(6)); a

[0 1 2]

[3 4 5]

sage: a.set_col_to_multiple_of_col(1,0,-3)
sage: a

[60 0 2]

[ 3-9 5]

If we try to multiply a column by a rational number, we get an error message:

sage: a.set_col_to_multiple_of_col(1,0,1/2)
Traceback (most recent call last):

TypeError: Multiplying column by Rational Field element cannot be done over.
—Integer Ring, use change_ring or with_col_set_to_multiple_of col instead.

set_immutable()
Call this function to set the matrix as immutable.

Matrices are always mutable by default, i.e., you can change their entries using A[i,j] = x. However,
mutable matrices aren’t hashable, so can’t be used as keys in dictionaries, etc. Also, often when imple-
menting a class, you might compute a matrix associated to it, e.g., the matrix of a Hecke operator. If you
return this matrix to the user you’re really returning a reference and the user could then change an entry;
this could be confusing. Thus you should set such a matrix immutable.

EXAMPLES:

sage: A = Matrix(QQ, 2, 2, range(4))
sage: A.is_mutable()

True

sage: A[0,0] = 10
sage: A

[10 1]

[ 2 3]

Mutable matrices are not hashable, so can’t be used as keys for dictionaries:

sage: hash(A)
Traceback (most recent call last):

TypeError: mutable matrices are unhashable
sage: v = {A:1}

(continues on next page)
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Traceback (most recent call last):

TypeError: mutable matrices are unhashable

If we make A immutable it suddenly is hashable.

sage: A.set_immutable()

sage: A.is_mutable()

False

sage: A[0,0] = 10

Traceback (most recent call last):

ValueError: matrix is immutable; please change a copy instead (i.e., use.
—copy (M) to change a copy of M).
sage: hash(A) #random

12
sage: v = {A:1}; v
{[10 1]

[ 2 3]: 1}

set_row_to_multiple_of_row(i, j, s)

Set row i equal to s times row j.

EXAMPLES: We change the second row to -3 times the first row:

sage: a = matrix(ZZ,2,3,range(6)); a

[0 1 2]

[3 4 5]

sage: a.set_row_to_multiple_of_row(1,0,-3)
sage: a
[6 1 2

]
[ @ -3 -6]

If we try to multiply a row by a rational number, we get an error message:

sage: a.set_row_to_multiple_of_row(1,0,1/2)
Traceback (most recent call last):

TypeError: Multiplying row by Rational Field element cannot be done over.
—Integer Ring, use change_ring or with_row_set_to_multiple_of row instead.

str (rep_mapping=None, zero=None, plus_one=None, minus_one=None, unicode=False, shape=None,

character_art=False)
Return a nice string representation of the matrix.

INPUT:
e rep_mapping - a dictionary or callable used to override the usual representation of elements.

If rep_mapping is a dictionary then keys should be elements of the base ring and values the desired
string representation. Values sent in via the other keyword arguments will override values in the dic-
tionary. Use of a dictionary can potentially take a very long time due to the need to hash entries of the
matrix. Matrices with entries from QQbar are one example.

If rep_mapping is callable then it will be called with elements of the matrix and must return a string.
Simply call repr () on elements which should have the default representation.
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e zero - string (default: None); if not None use the value of zero as the representation of the zero
element.

* plus_one - string (default: None); if not None use the value of plus_one as the representation of the
one element.

* minus_one - string (default: None); if not None use the value of minus_one as the representation of
the negative of the one element.

* unicode - boolean (default: False). Whether to use Unicode symbols instead of ASCII symbols for
brackets and subdivision lines.

* shape - one of "square" or "round" (default: None). Switches between round and square brackets.
The default depends on the setting of the unicode keyword argument. For Unicode symbols, the
default is round brackets in accordance with the TeX rendering, while the ASCII rendering defaults to
square brackets.

e character_art — boolean (default: False); if True, the result will be of type AsciiArt or

UnicodeArt which support line breaking of wide matrices that exceed the window width

EXAMPLES:

sage: R = PolynomialRing(QQ,6,'z")

sage: a = matrix(2,3, R.gens(Q))

sage: a.__repr__Q)

'[z0 z1 z2]\n[z3 z4 z5]'

sage: M = matrix([[1,0],[2,-111)

sage: M.str(Q)

'l 1 0]\n[ 2 -1]'

sage: M.str(plus_one='+',minus_one="'-"',zero="'.")
"[+ .]\n[2 -]"

sage: M.str({l:"not this one",2:"II"},minus_one="*",plus_one="1")
'"[ T OJ\n[II *]'

sage: def print_entry(x):

sage: M.

if x>0:
return

elif x<0:
return

else: return

L |

+

str(print_entry)
"[+ .I\n[+ -1'
sage: M.str(repr)
'[1 0]\n[ 2 -1]"'

sage: M = matrix([[1,2,3],[4,5,6],[7,8,911)

sage: M.

subdivide (None, 2)

sage: print(M.str(unicode=True))

12]3

4 5]6l
7 819

sage: M.

subdivide([0,1,1,3],

[0,2,3,31)

sage: print(M.str(unicode=True, shape="square"))

(continues on next page)
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If character_art is set, the lines of large matrices are wrapped in a readable way:

sage: set_random_seed(0)
sage: matrix.random(RDF, 3, 5).str(unicode=True, character_art=True)
-0.27440062056807446 0.5031965950979831 -0.001975438590219314

I -0.05461130074681608 -0.033673314214051286  -0.9401270875197381
\ 0.19906256610645512 0.3242250183948632 0.6026443545751128

-0.9467802263760512 0.5056889961514748

-0.35104242112828943 0.5084492941557279 |
-0.9541798283979341 —®.894879®563276592/

The number of floating point digits to display is controlled by matrix.options.precision and can also
be set by the IPython magic %precision. This does not affect the internal precision of the represented
data, but only the textual display of matrices:

sage: matrix.options.precision = 4
sage: A = matrix(RR, [[1/3, 200/3], [-3, 1le6]]); A
[ 0.3333 66.67]
[ -3.000 1.000E+6]
sage: unicode_art(A)
0.3333 66.67

\ -3.000 1.®®®E+6}
sage: matrix.options.precision = None
sage: A

[ 0.333333333333333 66.6666666666667]
[ -3.00000000000000 1.00000000000000e6]

swap_columns(c!, c2)

Swap columns c1 and c2 of self.

EXAMPLES: We create a rational matrix:

sage: M = MatrixSpace(QQ,3,3)

sage: A = M([1,9,-7,4/5,4,3,6,4,3])
sage: A

[ 1 9 -7]

[4/5 4 3]

[ 6 4 3]

Since the first column is numbered zero, this swaps the second and third columns:
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sage: A.swap_columns(l,2); A

[ 1 -7 9]
[4/5 3 4]
[ 6 3 4]

swap_rows(rl, r2)
Swap rows rl and r2 of self.

EXAMPLES: We create a rational matrix:

sage: M = MatrixSpace(QQ,3,3)
sage: A = M([1,9,-7,4/5,4,3,6,4,3])

sage: A

[ 1 9 -7]
[4/5 4 3]
[ 6 4 3]

Since the first row is numbered zero, this swaps the first and third rows:

sage: A.swap_rows(0,2); A

[ 6 4 3]
[4/5 4 3]
[ 1 9 -7]

with_added_multiple_of_column(i,j, s, start_row=0)
Add s times column j to column i, returning new matrix.

EXAMPLES: We add -1 times the third column to the second column of an integer matrix, remembering
to start numbering cols at zero:

sage: a = matrix(ZZ,2,3,range(6)); a

[0 1 2]

[3 4 5]

sage: b = a.with_added_multiple_of_column(1,2,-1); b
[0 -1 2]

[ 3 -1 5]

The original matrix is unchanged:

sage: a
[0 1 2]
[3 4 5]

Adding a rational multiple is okay, and reassigning a variable is okay:

sage: a = a.with_added_multiple_of column(0,1,1/3); a
[ 1/3 1 2]
[13/3 4 5]

with_added_multiple_of_row(i, j, s, start_col=0)
Add s times row j to row i, returning new matrix.

EXAMPLES: We add -3 times the first row to the second row of an integer matrix, remembering to start
numbering rows at zero:
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sage: a = matrix(ZZ,2,3,range(6)); a

[0 1 2]

[3 4 5]

sage: b = a.with_added_multiple_of row(1,0,-3); b
[6 1 2]

[ 3 1-1]

The original matrix is unchanged:

sage: a
[0 1 2]
[3 4 5]

Adding a rational multiple is okay, and reassigning a variable is okay:

sage: a = a.with_added_multiple_of row(0,1,1/3); a
[ 1 7/3 11/3]
[ 3 4 5]

with_col_set_to_multiple_of_col(ij, s)

Set column i equal to s times column j, returning a new matrix.

EXAMPLES: We change the second column to -3 times the first column.

sage: a = matrix(ZZ,2,3,range(6)); a

[0 1 2]

[3 4 5]

sage: b = a.with_col_set_to_multiple_of_col(1,0,-3); b
[60 0 2]

[ 3-9 5]

Note that the original matrix is unchanged:

sage: a
[0 1 2]
[3 4 5]

Adding a rational multiple is okay, and reassigning a variable is okay:

sage: a = a.with_col_set_to_multiple_of col(1,0,1/2); a
[ © 0 2]
[ 33/2 5]

with_permuted_columns (permutation)

Return the matrix obtained from permuting the columns of self by applying the permutation group element
permutation.

As permutation group elements act on integers {1,...,n}, columns are considered numbered from 1 for
this operation.

INPUT:
e permutation, a PermutationGroupElement
OUTPUT:

e A matrix.
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EXAMPLES: We create some matrix:

sage: M = matrix(zz,[[1,9,0,0,0],[0,2,0,0,0],[09,0,3,0,0],[0,0,0,4,0]1,[0,0,0,0,
=511

Next of all, create a permutation group element and act on M:

sage: G = PermutationGroup(['(1,2,3)(4,5)", '(1,2,3,4,5)"'D)
sage: sigma, tau = G.gens()
sage: sigma

(1,2,3)(4,5
sage: M.with_permuted_columns(sigma)
[00 10 0]
[2 000 0]
[0 300 0]
[0 000 4]
[0 005 0]

with_permuted_rows (permutation)
Return the matrix obtained from permuting the rows of self by applying the permutation group element
permutation.

As permutation group elements act on integers {1, ...,n}, rows are considered numbered from 1 for this
operation.

INPUT:

e permutation —a PermutationGroupElement
OUTPUT:

* A matrix.

EXAMPLES: We create a matrix:

sage: M = matrix(zz,[[1,9,0,0,0],[0,2,0,0,0],[09,0,3,0,0],[0,0,0,4,0]1,[0,0,0,0,
=511

Next of all, create a permutation group element and act on M:

sage: G = PermutationGroup(['(1,2,3)(4,5", '(1,2,3,4,5)'D)
sage: sigma, tau = G.gens()

sage: sigma

(1,2,3)(4,5

sage: M.with_permuted_rows(sigma)

(continues on next page)
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[020 0 0]
[0 0 300]
[1 000 0]
[0 0 0 0 5]
[0 00 4 0]

with_permuted_rows_and_columns (row_permutation, column_permutation)

Return the matrix obtained from permuting the rows and columns of self by applying the permutation
group elements row_permutation and column_permutation.

As permutation group elements act on integers {1,...,n}, rows and columns are considered numbered
from 1 for this operation.

INPUT:

e row_permutation — a PermutationGroupElement

e column_permutation —a PermutationGroupElement
OUTPUT:

* A matrix.

EXAMPLES: We create a matrix:

sage: M = matrix(zz,[[1,9,0,0,0],[0,2,0,0,0],[0,0,3,0,0],[0,0,0,4,0]1,[0,0,0,0,
=511

Next of all, create a permutation group element and act on M:

sage: G = PermutationGroup(['(1,2,3)(4,5)", '(1,2,3,4,5'D)
sage: sigma, tau = G.gens()
sage: sigma

(1,2,3)(4,5)
sage: M.with_permuted_rows_and_columns(sigma,tau)
[2 000 0]
[0 300 0]
[0 000 1]
[0 00 5 0]
[0 0 40 0]

with_rescaled_col(, s, start_row=0)

Replaces i-th col of self by s times i-th col of self, returning new matrix.

EXAMPLES: We rescale the last column of a matrix over the integers:

sage: a = matrix(ZZ,2,3,range(6)); a
[0 1 2]

[3 4 5]

sage: b = a.with_rescaled_col(2,-2); b

(continues on next page)
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[ © 1 -4]
[ 3 4 -10]

The original matrix is unchanged:

sage: a
[0 1 2]
[3 4 5]

Adding a rational multiple is okay, and reassigning a variable is okay:

sage: a = a.with_rescaled_col(1,1/3); a
[ 0 1/3 2]
[ 3 4/3 5]

with_rescaled_row(i, s, start_col=0)
Replaces i-th row of self by s times i-th row of self, returning new matrix.

EXAMPLES: We rescale the second row of a matrix over the integers:

sage: a = matrix(ZZ,3,2,range(6)); a

[0 1]

[2 3]

[4 5]

sage: b = a.with_rescaled_row(l,-2); b
[ 0 1]

[-4 -6]

[ 4 5]

The original matrix is unchanged:

sage: a
[0 1]
[2 3]
[4 5]

Adding a rational multiple is okay, and reassigning a variable is okay:

sage: a = a.with_rescaled_row(2,1/3); a

[ 0 1]
[ 2 3]
[4/3 5/3]

with_row_set_to_multiple_of_row(ij, s)
Set row i equal to s times row j, returning a new matrix.

EXAMPLES: We change the second row to -3 times the first row:

sage: a = matrix(ZZ,2,3,range(6)); a
[0 1 2]
[3 4 5]
sage: b =
[0 1 2
[ 0 -3 -6

a.with_row_set_to_multiple_of_row(1,0,-3); b

]
]
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Note that the original matrix is unchanged:

sage: a
[0 1 2]
[3 4 5]

Adding a rational multiple is okay, and reassigning a variable is okay:

[ © 1 2]
[ 0 1/2 1]

sage: a = a.with_row_set_to_multiple_of row(1,0,1/2); a

with_swapped_columns(c/, c2)
Swap columns c1 and c2 of self and return a new matrix.

INPUT:
* cl, c2 - integers specifying columns of self to interchange

OUTPUT:

A new matrix, identical to self except that columns c1 and c2 are swapped.

EXAMPLES:

Remember that columns are numbered starting from zero.

sage: A = matrix(QQ, 4, range(20))
sage: A.with_swapped_columns(l, 2)
[0 2 1 3 4]
[ 5 7 6 8 9]
[10 12 11 13 14]
[15 17 16 18 19]

Trying to swap a column with itself will succeed, but still return a new matrix.

sage: A = matrix(QQ, 4, range(20))
B

sage: = A.with_swapped_columns(2, 2)
sage: A ==

True

sage: A is B

False

The column specifications are checked.

sage: A = matrix(4, range(20))
sage: A.with_swapped_columns(-1, 2)
Traceback (most recent call last):

IndexError: matrix column index out of range

sage: A.with_swapped_columns(2, 5)
Traceback (most recent call last):

IndexError: matrix column index out of range

with_swapped_rows(rl, r2)
Swap rows rl and r2 of self and return a new matrix.
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sage.

INPUT:
* rl, r2 - integers specifying rows of self to interchange
OUTPUT:
A new matrix, identical to self except that rows r1l and r2 are swapped.
EXAMPLES:

Remember that rows are numbered starting from zero.

sage: A = matrix(QQ, 4, range(20))
sage: A.with_swapped_rows(l, 2)
[0 1 2 3 4]

[160 11 12 13 14]

[ 5 6 7 8 9]

[15 16 17 18 19]

Trying to swap a row with itself will succeed, but still return a new matrix.

sage: A = matrix(QQ, 4, range(20))
B

sage: = A.with_swapped_rows(2, 2)
sage: A == B

True

sage: A is B

False

The row specifications are checked.

sage: A = matrix(4, range(20))
sage: A.with_swapped_rows(-1, 2)
Traceback (most recent call last):

IndexError: matrix row index out of range

sage: A.with_swapped_rows(2, 5)
Traceback (most recent call last):

IndexError: matrix row index out of range

matrix.matrix®.set_max_cols(n)
Sets the global variable max_cols (which is used in deciding how to output a matrix).

EXAMPLES:

sage: from sage.matrix.matrix0® import set_max_cols
sage: set_max_cols(50)

doctest:...: DeprecationWarning: 'set_max_cols' is replaced by 'matrix.options.max_

-cols'
See https://trac.sagemath.org/30552 for details.

sage.

matrix.matrix®.set_max_rows(n)
Sets the global variable max_rows (which is used in deciding how to output a matrix).

EXAMPLES:
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sage: from sage.matrix.matrix0® import set_max_rows

sage: set_max_rows(20)

doctest:...: DeprecationWarning: 'set_max_rows' is replaced by 'matrix.options.max_
—rows'

See https://trac.sagemath.org/30552 for details.

sage.matrix.matrix®.unpickle(cls, parent, immutability, cache, data, version)
Unpickle a matrix. This is only used internally by Sage. Users should never call this function directly.

EXAMPLES: We illustrating saving and loading several different types of matrices.
OVER Z:

sage: A = matrix(ZZ,2,range(4))

sage: loads(dumps(A)) # indirect doctest
[0 1]

[2 3]

Sparse OVER Q:
Dense over Q|z, y]:

Dense over finite field.
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For design documentation see sage.matrix.docs.

class sage.matrix.matrixl.Matrix
Bases: sage.matrix.matrix0.Matrix

augment (right, subdivide=False)
Returns a new matrix formed by appending the matrix (or vector) right on the right side of self.

INPUT:
* right - a matrix, vector or free module element, whose dimensions are compatible with self.

* subdivide - default: False - request the resulting matrix to have a new subdivision, separating self
from right.

OUTPUT:

A new matrix formed by appending right onto the right side of self. If right is a vector (or free module
element) then in this context it is appropriate to consider it as a column vector. (The code first converts a
vector to a 1-column matrix.)

If subdivide is True then any column subdivisions for the two matrices are preserved, and a new sub-
division is added between self and right. If the row divisions are identical, then they are preserved,
otherwise they are discarded. When subdivide is False there is no subdivision information in the result.

Warning: If subdivide is True then unequal row subdivisions will be discarded, since it would be
ambiguous how to interpret them. If the subdivision behavior is not what you need, you can manage
subdivisions yourself with methods like get_subdivisions() and subdivide (). You might also
find block_matrix() or block_diagonal_matrix() useful and simpler in some instances.

EXAMPLES:

Augmenting with a matrix.

sage: A = matrix(QQ, 3, range(12))
sage: B = matrix(QQ, 3, range(9))
sage: A.augment(B)

® 1 2 3 0 1 2]

4 5 6 7 3 4 5]

8 910 11 6 7 8]

Augmenting with a vector.
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sage: A = matrix(QQ, 2, [0, 2, 4, 6, 8, 10])
sage: v = vector(QQ, 2, [100, 200])

sage: A.augment(v)

[ 06 2 4 100]

[ 6 8 10 200]

Errors are raised if the sizes are incompatible.

sage: A = matrix(RR, [[1, 2],[3, 411)

sage: B = matrix(RR, [[10, 20], [30, 40], [50, 60]11)
sage: A.augment(B)

Traceback (most recent call last):

TypeError: number of rows must be the same, 2 != 3
sage: v = vector(RR, [100, 200, 300])
sage: A.augment(v)

Traceback (most recent call last):

TypeError: number of rows must be the same, 2 != 3

Setting subdivide to True will, in its simplest form, add a subdivision between self and right.

sage: A = matrix(QQ, 3, range(12))
sage: B = matrix(QQ, 3, range(15))
sage: A.augment(B, subdivide=True)
[6 1 2 310 1 2 3 4]
[4 5 6 7|5 6 7 8 9]
[ 8 910 11|10 11 12 13 14]

Column subdivisions are preserved by augmentation, and enriched, if subdivisions are requested. (So
multiple augmentations can be recorded.)

sage: A = matrix(QQ, 3, range(6))
sage: A.subdivide(None, [1])

sage: B = matrix(QQ, 3, range(9))
sage: B.subdivide(None, [2])

sage: A.augment(B, subdivide=True)
[0]1]0 1]2]

[213]3 4]5]

(41516 78]

Row subdivisions can be preserved, but only if they are identical. Otherwise, this information is discarded
and must be managed separately.

sage: A = matrix(QQ, 3, range(6))
sage: A.subdivide([1,3], None)
sage: B = matrix(QQ, 3, range(9))
sage: B.subdivide([1,3], None)
sage: A.augment(B, subdivide=True)
[0 110 1 2]

[--—+-----]

[2 3|3 4 5]

(continues on next page)
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[4 5|6 7 8]
[---+-----]

sage: A.subdivide([1,2], None)
sage: A.augment(B, subdivide=True)
[0 110 1 2]

[2 3|3 4 5]

[4 5|6 7 8]

The result retains the base ring of self by coercing the elements of right into the base ring of self.

sage: A = matrix(QQ, 2, [1,2])
sage: B = matrix(RR, 2, [sin(l1.1), sin(2.2)])

sage: C = A.augment(B); C
[ 1 183017397/205358938]
[ 2 106580492/131825561]

sage: C.parent()
Full MatrixSpace of 2 by 2 dense matrices over Rational Field

sage: D = B.augment(A); D

[0.89120736006... 1.00000000000000]

[0.80849640381... 2.00000000000000]

sage: D.parent()

Full MatrixSpace of 2 by 2 dense matrices over Real Field with 53 bits of.
—precision

Sometimes it is not possible to coerce into the base ring of self. A solution is to change the base ring
of self to a more expansive ring. Here we mix the rationals with a ring of polynomials with rational
coefficients.

sage: R.<y> = PolynomialRing(QQ)
sage: A = matrix(QQ, 1, [1,2])
sage: B = matrix(R, 1, [y, y*21)

sage: C B.augment(A); C

[ yy*2 1 2]

sage: C.parent()

Full MatrixSpace of 1 by 4 dense matrices over Univariate Polynomial Ring in y.
—over Rational Field

sage: D = A.augment(B)
Traceback (most recent call last):

TypeError: not a constant polynomial

sage: E = A.change_ring(R)

sage: F E.augment(B); F

[ 1 2 yy*r2]

sage: F.parent()

Full MatrixSpace of 1 by 4 dense matrices over Univariate Polynomial Ring in y.
—over Rational Field

AUTHORS:
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* Nagqi Jaffery (2006-01-24): examples
* Rob Beezer (2010-12-07): vector argument, docstring, subdivisions

block_sum(other)
Return the block matrix that has self and other on the diagonal:

[ self 0 ]
[ 0 other ]

EXAMPLES:

sage: A = matrix(QQ[['t']], 2, range(l, 5))
sage: A.block_sum(100%A)

[ 1 2 0 0]
[ 3 4 0 0]
[ 0 0 100 200]
[ 0 0 300 400]

column (i, from_list=False)
Return the i’th column of this matrix as a vector.

This column is a dense vector if and only if the matrix is a dense matrix.
INPUT:
e i-integer

e from_list - bool (default: False); if true, returns the i’th element of self.columns() (see
columns()), which may be faster, but requires building a list of all columns the first time it is called
after an entry of the matrix is changed.

EXAMPLES:

sage: a = matrix(2,3,range(6)); a
[0 1 2]

[3 4 5]

sage: a.column(1)

(1, 4

If the column is negative, it wraps around, just like with list indexing, e.g., -1 gives the right-most column:

sage: a.column(-1)

@, 5

columns (copy=True)
Return a list of the columns of self.

INPUT:
* copy - (default: True) if True, return a copy of the list of columns which is safe to change.

If self is a sparse matrix, columns are returned as sparse vectors, otherwise returned vectors are dense.

EXAMPLES:

sage: matrix(3, [1..9]).columns()

[C1, 4, 7, 2, 5, 8, (3, 6, 9]

sage: matrix(RR, 2, [sqrt(2), pi, exp(l), 0]).columns()

[(1.41421356237310, 2.71828182845905), (3.14159265358979, 0.000000000000000)]

(continues on next page)
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sage: matrix(RR, 0, 2, []).columns()

[O, O]
sage: matrix(RR, 2, 0, []).columns()
[]

sage: m = matrix(RR, 3, 3, {(1,2): pi, (2, 2): -1, (0,1): sqrt(2)})
sage: parent(m.columns()[0])
Sparse vector space of dimension 3 over Real Field with 53 bits of precision

Sparse matrices produce sparse columns.

sage: A = matrix(QQ, 2, range(4), sparse=True)
sage: v = A.columns() [0]

sage: v.is_sparse()

True

delete_columns (dcols, check=True)
Return the matrix constructed from deleting the columns with indices in the dcols list.

INPUT:

* dcols - list of indices of columns to be deleted from self.

* check - checks whether any index in dcols is out of range. Defaults to True.
See also:

The methods delete_rows () and matrix_from_columns () are related.

EXAMPLES:

sage: A = Matrix(3,4,range(12)); A
[0 1 2 3]

[4 5 6 7]

[ 8 910 11]

sage: A.delete_columns([0,2])

[ 1 3]

[5 7]

[ 9 11]

dcols can be a tuple. But only the underlying set of indices matters.

sage: A.delete_columns((2,0,2))

[ 1 3]
L5 7]
[ 9 11]

The default is to check whether any index in dcols is out of range.

sage: A.delete_columns([-1,2,4])
Traceback (most recent call last):

IndexError: [-1, 4] contains invalid indices
sage: A.delete_columns([-1,2,4], check=False)

L6 1 3]
[4 5 7]
[ 8 9 11]
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delete_rows (drows, check=True)
Return the matrix constructed from deleting the rows with indices in the drows list.

INPUT:

* drows - list of indices of rows to be deleted from self.

* check - checks whether any index in drows is out of range. Defaults to True.
See also:

The methods delete_columns() and matrix_from_rows () are related.

EXAMPLES:

sage: A = Matrix(4,3,range(12)); A
[0 1 2]

[ 3 4 5]

[ 6 7 38]

[ 9 10 11]

sage: A.delete_rows([0,2])

[ 3 4 5]

[ 9 10 11]

drows can be a tuple. But only the underlying set of indices matters.

sage: A.delete_rows((2,0,2))
[ 3 4 5]
[ 9 10 11]

The default is to check whether the any index in drows is out of range.

sage: A.delete_rows([-1,2,4])
Traceback (most recent call last):

IndexError: [-1, 4] contains invalid indices
sage: A.delete_rows([-1,2,4], check=False)

[0 1 2]
[ 3 4 5]
[ 9 10 11]

dense_columns (copy=True)
Return list of the dense columns of self.

INPUT:
e copy - (default: True) if True, return a copy so you can modify it safely
EXAMPLES:

An example over the integers:

sage: a = matrix(3,3,range(9)); a
[0 1 2]
[3 4 5]
[6 7 8]

(continues on next page)
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sage: a.dense_columns()
[Co, 3, 6), (1, 4, 7, (2, 5, 8)]

We do an example over a polynomial ring:

sage: R.<x> = QQ[ 1]

sage: a = matrix(R, 2, [x,x*2, 2/3*x,1+x25]); a

[ X xA2]

[ 2/3*x xA5 + 1]

sage: a.dense_columns()

[(x, 2/3*%x), (x*2, xA5 + 1)]

sage: a = matrix(R, 2, [x,x*2, 2/3*x,1+x75], sparse=True)
sage: ¢ = a.dense_columns(); c

[(x, 2/3*x), (x*2, xA5 + 1)]

sage: parent(c[1])

Ambient free module of rank 2 over the principal ideal domain Univariate.
—Polynomial Ring in x over Rational Field

dense_matrix()
If this matrix is sparse, return a dense matrix with the same entries. If this matrix is dense, return this
matrix (not a copy).

Note: The definition of “dense” and “sparse” in Sage have nothing to do with the number of nonzero
entries. Sparse and dense are properties of the underlying representation of the matrix.

EXAMPLES:

sage: A = MatrixSpace(QQ,2, sparse=True)([1,2,0,1])

sage: A.is_sparse()

True

sage: B = A.dense_matrix()

sage: B.is_sparse()

False

sage: A ==

True

sage: B.dense_matrix() is B

True

sage: A*B

[1 4]

[0 1]

sage: A.parent()

Full MatrixSpace of 2 by 2 sparse matrices over Rational Field
sage: B.parent()

Full MatrixSpace of 2 by 2 dense matrices over Rational Field

In Sage, the product of a sparse and a dense matrix is always dense:

sage: (A*B).parent()
Full MatrixSpace of 2 by 2 dense matrices over Rational Field
sage: (B*A).parent()
Full MatrixSpace of 2 by 2 dense matrices over Rational Field
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dense_rows (copy=True)
Return list of the dense rows of self.

INPUT:

¢ copy - (default: True) if True, return a copy so you can modify it safely (note that the individual vectors
in the copy should not be modified since they are mutable!)

EXAMPLES:

sage: m = matrix(3, range(9)); m
[0 1 2]

[3 4 5]

[6 7 8]

sage: v = m.dense_rows(); v

[0, 1, 2), (@3, 4, 5, (6, 7, 8)]
sage: v is m.dense_rows()

False

sage: m.dense_rows(copy=False) is m.dense_rows(copy=False)
True

sage: m[0,0] = 10

sage: m.dense_rows()

[C10, 1, 2), (@3, 4, 5, (6, 7, 8)]

lift O
Return lift of self to the covering ring of the base ring R, which is by definition the ring returned by calling
cover_ring() on R, or just R itself if the cover_ring method is not defined.

EXAMPLES:

sage: M = Matrix(Integers(7), 2, 2, [5, 9, 13, 15]) ; M

[5 2]

(6 1]

sage: M.1liftQ)

[5 2]

[6 1]

sage: parent(M.lift())

Full MatrixSpace of 2 by 2 dense matrices over Integer Ring

The field QQ doesn’t have a cover_ring method:

sage: hasattr(QQ, 'cover_ring')
False

So lifting a matrix over QQ gives back the same exact matrix.

sage: B = matrix(QQ, 2, [1..4])
sage: B.1lift(Q)

[1 2]

[3 4]

sage: B.lift() is B

True

lift_centered()
Apply the lift_centered method to every entry of self.

OUTPUT:
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If self is a matrix over the Integers mod n, this method returns the unique matrix m such that m is congruent
to self mod n and for every entry m/[i, j] we have —n/2 < ml[i, j] < n/2. If the coefficient ring does not
have a cover_ring method, return self.

EXAMPLES:

sage: M = Matrix(Integers(8), 2, 4, range(8)) ; M
[0 12 3]

[4 56 7]

sage: L = M.lift_centered(); L

[6 1 2 3]

[ 4 -3 -2 -1]

sage: parent(L)
Full MatrixSpace of 2 by 4 dense matrices over Integer Ring

The returned matrix is congruent to M modulo 8.:

sage: L.mod(8)
[0 12 3]
[4 56 7]

The field QQ doesn’t have a cover_ring method:

sage: hasattr(QQ, 'cover_ring')
False

So lifting a matrix over QQ gives back the same exact matrix.

sage: B = matrix(QQ, 2, [1..4])
sage: B.lift_centered()

[1 2]

[3 4]

sage: B.lift_centered() is B
True

matrix_£from_columns (columns)

Return the matrix constructed from self using columns with indices in the columns list.

EXAMPLES:

sage: M = MatrixSpace(Integers(8),3,3)
sage: A = M(range(9)); A

[0 1 2]

[3 4 5]

[6 7 0]

sage: A.matrix_from_columns([2,1])

[2 1]

[5 4]

[0 7]

matrix_from_rows (rows)

Return the matrix constructed from self using rows with indices in the rows list.

EXAMPLES:
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sage: M MatrixSpace(Integers(8),3,3)
sage: A = M(range(9)); A

[0 1 2]

[3 4 5]

[6 7 0]

sage: A.matrix_from_rows([2,1])

[6 7 0]

[3 4 5]

matrix_from_rows_and_columns (rows, columns)
Return the matrix constructed from self from the given rows and columns.

EXAMPLES:

sage: M = MatrixSpace(Integers(8),3,3)

sage: A = M(range(9)); A

[0 1 2]

[3 4 5]

[6 7 0]

sage: A.matrix_from_rows_and_columns([1], [0,2])
[3 5]

sage: A.matrix_from_rows_and_columns([1,2], [1,2])
[4 5]

[7 0]

Note that row and column indices can be reordered or repeated:

sage: A.matrix_from_rows_and_columns([2,1], [2,1])
[0 7]
[5 4]

For example here we take from row 1 columns 2 then O twice, and do this 3 times.

sage: A.matrix_from_rows_and_columns([1,1,1],[2,0,0])
[5 3 3]
[5 3 3]
[5 3 3]

AUTHORS:
* Jaap Spies (2006-02-18)
* Didier Deshommes: some Pyrex speedups implemented

matrix_over_field()
Return copy of this matrix, but with entries viewed as elements of the fraction field of the base ring (as-
suming it is defined).

EXAMPLES:

sage: A = MatrixSpace(IntegerRing(),2)([1,2,3,4])
sage: B = A.matrix_over_field()

sage: B

[1 2]

[3 4]

(continues on next page)
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sage: B.parent()
Full MatrixSpace of 2 by 2 dense matrices over Rational Field

matrix_space (nrows=None, ncols=None, sparse=None)

Return the ambient matrix space of self.

INPUT:
* nrows, ncols - (optional) number of rows and columns in returned matrix space.
* sparse - whether the returned matrix space uses sparse or dense matrices.

EXAMPLES:

sage: m = matrix(3, [1..9])

sage: m.matrix_space()

Full MatrixSpace of 3 by 3 dense matrices over Integer Ring
sage: m.matrix_space(ncols=2)

Full MatrixSpace of 3 by 2 dense matrices over Integer Ring
sage: m.matrix_space(l)

Full MatrixSpace of 1 by 3 dense matrices over Integer Ring
sage: m.matrix_space(l, 2, True)

Full MatrixSpace of 1 by 2 sparse matrices over Integer Ring

sage: M = MatrixSpace(QQ, 3, implementation='generic')

sage: m = M.an_element()

sage: m.matrix_space()

Full MatrixSpace of 3 by 3 dense matrices over Rational Field (using Matrix_
—generic_dense)

sage: m.matrix_space(nrows=2, ncols=12)

Full MatrixSpace of 2 by 12 dense matrices over Rational Field (using Matrix_
—.generic_dense)

sage: m.matrix_space(nrows=2, sparse=True)

Full MatrixSpace of 2 by 3 sparse matrices over Rational Field

new_matrix (nrows=None, ncols=None, entries=None, coerce=True, copy=True, sparse=None)

Create a matrix in the parent of this matrix with the given number of rows, columns, etc. The default
parameters are the same as for self.

INPUT:
These three variables get sent to matrix_space():

* nrows, ncols - number of rows and columns in returned matrix. If not specified, defaults to None and
will give a matrix of the same size as self.

* sparse - whether returned matrix is sparse or not. Defaults to same value as self.

The remaining three variables (coerce, entries, and copy) are used by sage.matrix.matrix_space.
MatrixSpace () to construct the new matrix.

Warning: This function called with no arguments returns the zero matrix of the same dimension and
sparseness of self.

EXAMPLES:
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sage: A = matrix(ZZ,2,2,[1,2,3,4]); A

[1 2]

[3 4]

sage: A.new_matrix()

[0 0]

[0 0]

sage: A.new_matrix(l,1)

[0]

sage: A.new_matrix(3,3).parent()

Full MatrixSpace of 3 by 3 dense matrices over Integer Ring

sage: A = matrix(RR,2,3,[1.1,2.2,3.3,4.4,5.5,6.6]); A

[1.10000000000000 2.20000000000000 3.30000000000000]

[4.40000000000000 5.50000000000000 6.60000000000000 ]

sage: A.new_matrix()

[0.000000000000000 0.000000000000000 0.000000000000000]

[0.000000000000000 0.000000000000000 0.000000000000000]

sage: A.new_matrix().parent()

Full MatrixSpace of 2 by 3 dense matrices over Real Field with 53 bits of.
—precision

sage: M = MatrixSpace(ZZ, 2, 3, implementation='generic')

sage: m = M.an_element()

sage: m.new_matrix().parent()

Full MatrixSpace of 2 by 3 dense matrices over Integer Ring (using Matrix_
—.generic_dense)

sage: m.new_matrix(3,3).parent()

Full MatrixSpace of 3 by 3 dense matrices over Integer Ring (using Matrix_
—.generic_dense)

sage: m.new_matrix(3,3, sparse=True).parent()

Full MatrixSpace of 3 by 3 sparse matrices over Integer Ring

numpy (dtype=None)
Return the Numpy matrix associated to this matrix.

INPUT:

* dtype - The desired data-type for the array. If not given, then the type will be determined as the
minimum type required to hold the objects in the sequence.

EXAMPLES:

sage: a = matrix(3,range(12))
sage: a.numpy()
array([[ ®, 1, 2, 3],

[ 4, 5, 6, 71,

[ 8, 9, 10, 111D
sage: a.numpy('f")

array([[ O0., 1., 2., 3.7,

[ 4., 5., 6., 7.1,

[ 8., 9., 10., 11.]], dtype=float32)
sage: a.numpy('d")
array([[ O0., 1., 2., 3.7,

[ 4., 5., 6., 7.1,

(continues on next page)
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[ 8., 9., 10., 11.1D
sage: a.numpy('B")
array([[ ®, 1, 2, 3],

[ 4, 5, 6, 71,

[ 8 9, 10, 11]], dtype=uint8)

Type numpy . typecodes for a list of the possible typecodes:

sage: import numpy

sage: sorted(numpy.typecodes.items())

[('A11l", '?bhilqpBHILQPefdgFDGSUVOMm'), ('AllFloat', 'efdgFDG'), ('AllInteger',
< "bBhHiIlLgQpP'), ('Character', 'c'), ('Complex', 'FDG'), ('Datetime', 'Mm'), (
—'Float', 'efdg'), ('Integer', 'bhilgp'), ('UnsignedInteger', 'BHILQP')]

Alternatively, numpy automatically calls this function (via the magic __array__() method) to convert
Sage matrices to numpy arrays:

sage: import numpy
sage: b=numpy.array(a); b

array([[ ®, 1, 2, 31,
[ 4, 5, 6, 71,
[ 8 9, 10, 111D

sage: b.dtype
dtype('int32') # 32-bit
dtype('int64') # 64-bit
sage: b.shape

G, 9

row (i, from_list=False)

Return the i’th row of this matrix as a vector.
This row is a dense vector if and only if the matrix is a dense matrix.
INPUT:

* i -integer

e from_list - bool (default: False); if true, returns the i’th element of self.rows() (see rows()),
which may be faster, but requires building a list of all rows the first time it is called after an entry of
the matrix is changed.

EXAMPLES:

sage: a = matrix(2,3,range(6)); a
[0 1 2]

[3 4 5]

sage: a.row(0)

@, 1, 2

sage: a.row(l)

@3, 4, 5

sage: a.row(-1) # last row

@3, 4, 5

rows (copy=True)

Return a list of the rows of self.
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INPUT:
* copy - (default: True) if True, return a copy of the list of rows which is safe to change.
If self is a sparse matrix, rows are returned as sparse vectors, otherwise returned vectors are dense.

EXAMPLES:

sage: matrix(3, [1..9]).rows(Q)

[(1, 2, 3), 4, 5, 6), (7, 8, 9]

sage: matrix(RR, 2, [sqrt(2), pi, exp(l), 0]).rows()

[(1.41421356237310, 3.14159265358979), (2.71828182845905, 0.000000000000000)]
sage: matrix(RR, 0, 2, []).rows(Q)

[]
sage: matrix(RR, 2, 0, []).rows(Q)
O, O]

sage: m = matrix(RR, 3, 3, {(1,2): pi, (2, 2): -1, (0,1): sqrt(2)})
sage: parent(m.rows()[0])
Sparse vector space of dimension 3 over Real Field with 53 bits of precision

Sparse matrices produce sparse rows.

sage: A = matrix(QQ, 2, range(4), sparse=True)
sage: v = A.rows()[0]

sage: v.is_sparse()

True

set_column(col, v)

Sets the entries of column col to the entries of v.
INPUT:

¢ col - index of column to be set.

* v - alist or vector of the new entries.
OUTPUT:
Changes the matrix in-place, so there is no output.
EXAMPLES:

New entries may be contained in a vector.:

sage: A = matrix(QQ, 5, range(25))

sage: u = vector(QQ, [0, -1, -2, -3, -4])
sage: A.set_column(2, u)

sage: A

[0 1 0 3 4]
[5 6 -1 8 9]
[10 11 -2 13 14]
[15 16 -3 18 19]
[20 21 -4 23 24]

New entries may be in any sort of list.:

sage: A = matrix([[1, 2], [3, 4]11); A
[1 2]
[3 4]

(continues on next page)
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sage: A.set_column(0, [0, 0]); A
[0 2]
[0 4]
sage: A.set_column(l, (0, 0)); A
[0 0]
[0 0]

set_row(row, v)
Sets the entries of row row to the entries of v.

INPUT:

* row - index of row to be set.

* v - alist or vector of the new entries.
OUTPUT:
Changes the matrix in-place, so there is no output.
EXAMPLES:

New entries may be contained in a vector.:

sage: A = matrix(QQ, 5, range(25))

sage: u = vector(QQ, [0, -1, -2, -3, -4])
sage: A.set_row(2, u)

sage: A

[O0 1 2 3 4]

[5 6 7 8 9]

[ @ -1 -2 -3 -4]

[15 16 17 18 19]

[20 21 22 23 24]

New entries may be in any sort of list.:

sage: A = matrix([[1, 2], [3, 4]11); A
[1 2]

[3 4]

sage: A.set_row(0, [0, 0]); A

[0 0]

[3 4]

sage: A.set_row(l, (0, 0)); A

[0 0]

[0 0]

sparse_columns (copy=True)
Return a list of the columns of self as sparse vectors (or free module elements).

INPUT:
e copy - (default: True) if True, return a copy so you can modify it safely

EXAMPLES:

sage: a = matrix(2,3,range(6)); a
[® 1 2]

(continues on next page)
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[3 4 5]

sage: v = a.sparse_columns(); v
[0, 3), (1, 4), (2, 5]

sage: v[1].is_sparse()

True

sparse_matrix()
If this matrix is dense, return a sparse matrix with the same entries. If this matrix is sparse, return this
matrix (not a copy).

Note: The definition of “dense” and “sparse” in Sage have nothing to do with the number of nonzero
entries. Sparse and dense are properties of the underlying representation of the matrix.

EXAMPLES:

sage: A = MatrixSpace(QQ,2, sparse=False)([1,2,0,1])

sage: A.is_sparse()

False

sage: B = A.sparse_matrix()

sage: B.is_sparse()

True

sage: A ==

True

sage: B.sparse_matrix() is B

True

sage: A*B

[1 4]

[0 1]

sage: A.parent()

Full MatrixSpace of 2 by 2 dense matrices over Rational Field
sage: B.parent()

Full MatrixSpace of 2 by 2 sparse matrices over Rational Field
sage: (A*B).parent()

Full MatrixSpace of 2 by 2 dense matrices over Rational Field
sage: (B*A).parent()

Full MatrixSpace of 2 by 2 dense matrices over Rational Field

sparse_rows (copy=True)
Return a list of the rows of self as sparse vectors (or free module elements).

INPUT:
¢ copy - (default: True) if True, return a copy so you can modify it safely

EXAMPLES:

sage: m = Mat(ZZ,3,3,sparse=True) (range(9)); m

[0 1 2]

[3 4 5]

[6 7 8]

sage: v = m.sparse_rows(); v

[¢o, 1, 2), (@3, 4, 5, 6, 7, 8)]

sage: m.sparse_rows(copy=False) is m.sparse_rows(copy=False)

(continues on next page)
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True

sage: v[1].is_sparse()

True

sage: m[0,0] = 10

sage: m.sparse_rows()

[C10, 1, 2), (3, 4, 5, (6, 7, 8)]

stack (bottom, subdivide=False)
Return a new matrix formed by appending the matrix (or vector) bottom below self:

[ self ]
[ bottom ]
INPUT:

* bottom - a matrix, vector or free module element, whose dimensions are compatible with self.

* subdivide - default: False - request the resulting matrix to have a new subdivision, separating self
from bottom.

OUTPUT:

A new matrix formed by appending bottom beneath self. If bottomis a vector (or free module element)
then in this context it is appropriate to consider it as a row vector. (The code first converts a vector to a
1-row matrix.)

If subdivide is True then any row subdivisions for the two matrices are preserved, and a new subdivision
is added between self and bottom. If the column divisions are identical, then they are preserved, otherwise
they are discarded. When subdivide is False there is no subdivision information in the result.

Warning: If subdivide is True then unequal column subdivisions will be discarded, since it would
be ambiguous how to interpret them. If the subdivision behavior is not what you need, you can manage
subdivisions yourself with methods like subdivisions() and subdivide(). You might also find
block_matrix() or block_diagonal_matrix() useful and simpler in some instances.

EXAMPLES:

Stacking with a matrix.

sage: A = matrix(QQ, 4, 3, range(l2))
sage: B = matrix(QQ, 3, 3, range(9))
sage: A.stack(B)

[0 1 2]
[ 3 4 5]
[6 7 8]
[ 9 10 11]
[0 1 2]
[ 3 4 5]
[ 6 7 8]

Stacking with a vector.

sage: A
sage: v

matrix(QQ, 3, 2, [0, 2, 4, 6, 8, 10])
vector(QQ, 2, [100, 200])

(continues on next page)
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sage: A.stack(v)

[ 0 2]
[ 4 6]
[ 8 10]
[100 200]

Errors are raised if the sizes are incompatible.

sage: A = matrix(RR, [[1, 21,[3, 411)

sage: B = matrix(RR, [[10, 20, 30], [40, 50, 60]])
sage: A.stack(B)

Traceback (most recent call last):

TypeError: number of columns must be the same, not 2 and 3
sage: v = vector(RR, [100, 200, 300])
sage: A.stack(v)

Traceback (most recent call last):

TypeError: number of columns must be the same, not 2 and 3

Setting subdivide to True will, in its simplest form, add a subdivision between self and bottom.

sage: A = matrix(QQ, 2, 5, range(l10))
sage: B = matrix(QQ, 3, 5, range(l5))
sage: A.stack(B, subdivide=True)

[0 1 2 3 4]
[5 6 7 8 9]
R ]

[5 6 7 8 9]
[10 11 12 13 14]

Row subdivisions are preserved by stacking, and enriched, if subdivisions are requested. (So multiple
stackings can be recorded.)

sage: A = matrix(QQ, 2, 4, range(8))
sage: A.subdivide([1], None)

sage: B = matrix(QQ, 3, 4, range(l12))
sage: B.subdivide([2], None)

sage: A.stack(B, subdivide=True)

[0 1 2 3]
s ]
[4 5 6 7]
[----mmmmme- ]
[0 1 2 3]
[4 5 6 7]
[------mmm- ]
[ 8 9 10 11]

Column subdivisions can be preserved, but only if they are identical. Otherwise, this information is dis-
carded and must be managed separately.
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sage: A = matrix(QQ, 2, 5, range(l0))
sage: A.subdivide(None, [2,4])

sage: B = matrix(QQ, 3, 5, range(15))
sage: B.subdivide(None, [2,4])

sage: A.stack(B, subdivide=True)

Lo 1] 2 3] 4]

[10 11]12 13]14]

sage: A.subdivide(None, [1,2])
sage: A.stack(B, subdivide=True)
[ O 3 4]

[ 5 6 7 8 9]

—_
N

[5 6 7 8 9]
[10 11 12 13 14]

The base ring of the result is the common parent for the base rings of self and bottom. In particular, the
parent for A.stack(B) and B.stack(A) should be equal:

sage: A = matrix(QQ, 1, 2, [1,2])

sage: B = matrix(RR, 1, 2, [sin(l.1), sin(2.2)])

sage: C = A.stack(B); C

[ 1.00000000000000 2.00000000000000]

[0.891207360061435 0.808496403819590]

sage: C.parent()

Full MatrixSpace of 2 by 2 dense matrices over Real Field with 53 bits of.
—precision

sage: D = B.stack(A); D

[0.891207360061435 0.808496403819590]

[ 1.00000000000000 2.00000000000000]

sage: D.parent()

Full MatrixSpace of 2 by 2 dense matrices over Real Field with 53 bits of.
—precision

sage: R.<y> = PolynomialRing(ZZ)
sage: = matrix(QQ, 1, 2, [1, 2/31)
sage: B = matrix(R, 1, 2, [y, y*21)

=

sage: C = A.stack(B); C

[ 12/3]

[ yy*2]

sage: C.parent()

Full MatrixSpace of 2 by 2 dense matrices over Univariate Polynomial Ring in y.
—over Rational Field

Stacking a dense matrix atop a sparse one returns a sparse matrix:
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sage: M Matrix(ZZ, 2, 3, range(6), sparse=False)
sage: N = diagonal_matrix([10,11,12], sparse=True)
sage: P = M.stack(N); P

[6 1 2]

[ 3 4 5]

[106 0 0]

[ 0 11 0]

[0 0 12]

sage: P.is_sparse()
True

sage: P = N.stack(M); P
[106 0 0]

[ 0 11 0]

[0 0 12]

[60 1 2]

[ 3 4 5]

sage: P.is_sparse()
True

One can stack matrices over different rings (trac ticket #16399).

sage: M = Matrix(ZZ, 2, 3, range(6))
sage: N = Matrix(QQ, 1, 3, [10,11,12])
sage: M.stack(N)

[0 1 2]
[ 3 4 5]
[16 11 12]
sage: N.stack(M)
[10 11 12]
[0 1 2]
[ 3 4 5]
AUTHORS:

* Rob Beezer (2011-03-19): rewritten to mirror code for augment ()

* Jeroen Demeyer (2015-01-06): refactor, see trac ticket #16399. Put all boilerplate in one place (here)
and put the actual type-dependent implementation in _stack_impl.

submatrix (row=0, col=0, nrows=- 1, ncols=- 1)
Return the matrix constructed from self using the specified range of rows and columns.

INPUT:
e row, col - index of the starting row and column. Indices start at zero.

* nrows, ncols - (optional) number of rows and columns to take. If not provided, take all rows below
and all columns to the right of the starting 