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010 Ooobd

obboooboooboooboooobooobboobooOoooOooooboooboOoOobooOoOoOoHT™L OO PDFOO
U000000D000D00OSaged 000000 DOO0ODOOODOOODO @MODOODOODOODO Sagei O
0000000000 0000000 Help,OODO TuterialUDOOODOONO)O

Sage 0O 0OODODODODO PythonOODOOOOOOOOOOO0OO0OO0DODOOOOOOOOOOO0O0OOO Python
oboooooobooobooooo pythonUO0 0000000000 @OOODOOODO)YWDOOODOO
o000 PythonOOODOOOOO [PyBJ]OOOODOODOOOOODOOOODOOOOODOOODOOOO
Ub000o0bo0oo0on0oOo Seaged00O0obOOoobOOo0obOobOOoOoOoOOoOoOOobOOOoOOOOOObOOOn
ooooo:

sage: 2 + 2

4

sage: factor(-2007)
-1 * 342 * 223

sage: A = matrix(4,4, range(l6)); A
[0 1 2 3]
[4 5 6 7]
[ 8 910 11]
[12 13 14 15]

sage: factor(A.charpoly(Q))
xA2 * (x72 - 30*x - 80)

sage: m = matrix(ZZ,2, range(4))
sage: m[0,0] = m[0,0] - 3

sage: m

[-3 1]

[ 2 3]

sage: E = EllipticCurve([1,2,3,4,5]1);

sage: E

Elliptic Curve defined by y*2 + x*y + 3%y = xA3 + 2%x42 + 4%x + 5
over Rational Field

sage: E.anlist(10)

[6, 1, 1, 06, -1, -3, 0, -1, -3, -3, -3]

sage: E.rank()

1

(boooooono)
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(Cooooooooo)

sage: k = 1/(sqrt(3)*I + 3/4 + sqrt(73)*5/9); k
36/(20%sqrt(73) + 36%I*sqrt(3) + 27)

sage: N(k)
0.165495678130644 - 0.0521492082074256*I
sage: N(k,30) # OO0O 30000

0.16549568 - 0.052149208*I
sage: latex(k)
\frac{363}{20 \, \sqrt{73} + 36 i \, \sqrt{3} + 27}

11 000000

00 Sage 000000000 0ODO0OOOODOODODODOOOOOOOODODODOOODODOO
OO http://sagecell.sagemath.org 0000000000 OOOOOOO0O

Sage U0 OO0O0OOO0OOODOOO0ODOOOOODOODOOOOODOOO SagedOOODOO [SAJ]ODOOOO
0000000000 "SageInstallation Guide'D 0 000000000000 OO0OOOOODOODOOO
goog

1. Sage 0000000000 DOO0OO0O0O0O0OOCOO0DOOO0DOOODOUOSage O Python, IPython, PARI,
GAP, Singular, Maxima, NTL,GMP O OO0 O0O00O000D0O0O0O0DODOO SageOOODOODOO
obooobooobobboobobooboobooboo0oboobDooboOobUodnoMacaulay 0 KASHO
gboboobobooobOobooobooboonbobon SageOO0OOoOoOoobOOOOobOOOOOO
obooobooooooooboooboobobooboooboooboooboooobboobo(@oboooon
000000000000 0000000,sage -optional DO OOO000O00OOO SageO OO
000 "Download"'D OO0 OOD0OOOO)O

2. 0000000000000 Sage(SageU O OUODOO)OOOOOOOOO0OOOODOOOOODOOO
gbgbobodbobooboboboobobobbogbg sagetdgbgboobooobaoboboo
good

3. SageTeXOOOOOODOOOODDOO (SageTeX O Sage DO O OODO LaTeXOOODOOOOOO
UooOooO)H)ooooOobD TeXOOOOOOOOOOODO SageTeXOOOOOOOOOOODOOO
0000000 Sage installation guide 0 O "Make SageTeX knownto TeX" OO OO DOOOO (DOO
oooooob oooooooooboooooooo)yooooooobooooooobooobooooooo
000000 TeXOOOOOOOODOOOOoOoDOoO 100bo000obooooooon

SageTeX U 0O 0O 0O 0O0ODO DO O OS$SAGE_RO0T/1local/share/texmf/tex/latex/sagetex/ 0O 0O O O
$SAGE_ROOT [ Sage IO IO UODOOODOUODOODOOOODOODODO /opt/sage-4.2.1000000
oooooo

4 010 0000
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1.2 SageO0 00O 0O

Sage U0 DOODO0ODOOOOODODODOODOO

s JU00D0OD0UDLODDOOOUDODOODN: sage—njupyter U0 00O OO Jupyter documentation
on-line 0 O 0O.

gbbooboobood-oboobo booboabo

O00000D:Sage0 000000000 DODOOOO0O0ODODODOOOO0O0ODODO (Sage O
gbooooobooooboobooooobooboo)oooo

OO00000D0:Sage0000D00O0O0OOOODOOOOOO PythonODOOOOODOO (WODOOO
OO0 Python/Sage DO OO DO OOOO).

1.3 Sage1 0000

s 0O00:Sage 0 000DODOOOOOOODOOODOOO(@OODODODOOODDOOO)DOODODOO
gbobooooooboooboobooobooboboooooooooboobooboboooaon
obobo0oooOdboSage00OOobOOoOoOooooooooboOobOOoOoOoOobooboooobobon
oo0oo00ooooooboobobooooboobooDob0obOob0bSagedogoobobooOoO
gbooobOoobooooboboooboobooon

- 0J00:000000000Sage GMP,PARL, GAPNTLOOOOOOOOOOOOOOOOOO
obooooobooooobobooooboobooboobooooDbooo

- J0000OO0OO0OOODOO:-000DLO0O0DOODOOOOOOODOOODOOOOODOODOODOO
U0O000000 SageO0000O0O00O0O0ODOOOOODOOOOODOOOOODOOOODOOO
ooboooooobooobooooboooboooboobbooboobooboooooboobbooboooo
gobooboboobooooooboobooobooooboooboooboooboooboooboaoo
obobOoboboboobobooooooooooooboooobnononn SageOoooooo
O00000000 Sage0 00000000 O0DOO0O0OO0O0OOOOOOOODOSagedOooonO
obooooobooooobobooooboobooobooboooobooo

- 00000D00O0O0: Sage O LinuxD OSXODOOO WindowsOOODODOOOODOOOODOOOO
ob0oboobOo0o0O0obooboob0oobooboooobobooonbOon SageOOOoooooOOonO
oooobooooo

e 0 0ODO: Sage O OPARIO GAPO Singulard) Maximald KASHO Magmal MapleO 00 O O Mathematica
0000000000000 000ooo0oooooooooooooooOOSaged 0O OOO
gooooOooooOooooODOODOOOOOO

gboboobodo:-00b000o00obboooboobooobooooooboobooooboboooobooon
boobOobooooboboooobobooooboooooon

gbob:0000000bo0oboboobooboobobobobooboobooboboooboan
gbobooboboooobdoboooboobooooboooooooboooooaoon

- J0000O00O0CO:0D0O00DO0O0OO0O0OODOOODOOOOOOOObOOODbOOOOOOOnOO
gogbooobooobooboboaoobooobooobooobbooobooobooobooa
gboooboooboobon

1.2. SageOOOO0O 5
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(120 Sagell 000

O0000OO0SageCOOOOOOOOOOOOOOOO0O0OO0OOOO0OOUO ...O0ODOOOOOOOOO
00000000000 "Sage Constructions"0 0 0000000000 0OOOO0OODOOOOOODOOOO
00O "Sage Reference Manual"O OO0 OO 0OO000OOO00ODO0OOO0OCOSage00D0OOOOO HelpODOOO
goooooooooooOoOoOoOoOoOoOoOOOOOOOOODOOOO

@Oo0DboO0O00bDbDb SegedbbOo0ooobbOOO0OOOobDOODODDODOOODDOOOODO
shift-enter D0 0O0O0O0DO shift-enter 000000000 0DODOOOODODODODODO
O00OMacOOODOOO shift-enter 0000 shift-return0000000000D00O0O0O)

21 0000000000

U000000000b000Sage0 000000000 PythonOOOODOOOOOPythonOOODOOO
00 Sage0O0O0OOOOO0OODOODO

Sage 0O 0OO0O0D=0000000=0<=0>=0<0>00000

sage: a = 5

a
sage: a
5

sage: 2 == 2
True

sage: 2 ==
False

sage: 2 < 3
True

sage: a ==

True

gbooooboooooogon:

sage: 2%*3 # * 000000000

8

sage: 243 # A~ 000000000000 (PythonOOQOQOGQOOm)
8

sage: 10 ¥ 3 # O0O0OO0O0OO %0 mod, OOODOOODOO

1

sage: 10/4

5/2

(oooooon)
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(Ooooo0ooooo0)

sage: 10//4 # 000000 /00000

sage: 4 * (10 // 4) + 10 % 4 == 10
True

sage: 372%4 + 2%5

38

322%4 + 2%500000000000O000O0CO0OO0OOOOOOOOOOOOOOODOOObOOOn
oboboooooooboooooboobooon

Sage U0 DODOO0OOODOODOOOOODOODOOOODOOODOODOOODDODOODOODOOODOOO
gboooooo:

sage: sqrt(3.4)
1.84390889145858
sage: sin(5.135)
-0.912021158525540
sage: sin(pi/3)
1/2*sqrt(3)

gbooooboooboobooboooobobooooobooobooboobooooboboooobooboon
ob0o00o0oobd0O0n00OO0O00000n0O00@OOO0O0O0D000O0O00 numerical_approxO 00O
oo0boNOnOODOOODO)DOODOOODOODOOODOO0OD0OO0D0OO0 precO000D0O0O0D0OOOOODOO
digitsO00ODOO00O0O0O00S3000000000000D0O0

sage: exp(2)

er2

sage: n(exp(2))

7.38905609893065

sage: sqrt(pi).numerical_approx()
1.77245385090552

sage: sin(10).n(digits=5)

-0.54402

sage: N(sin(10),digits=10)
-0.5440211109

sage: numerical_approx(pi, prec=200)
3.1415926535897932384626433832795028841971693993751058209749

PythonOOOOOOOOOOOODOOOOODODOOOOOOOOOOOOODOOOOOOOODOOOOO0
obooooobooobOpythonODO0OO0ODOOOOOOODOOOODODOOOODOODOODODO:

sage: a = 5 #aldOO

sage: type(a)

<type 'sage.rings.integer.Integer'>
sage: a = 5/3 #alUOOOOOOO
sage: type(a)

(Doooooon)

8 020 Sage OO0
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(Ooooo0ooooo0)

<type 'sage.rings.rational.Rational'>
sage: a = 'hello' # 0OU0O aUOOO
sage: type(a)

<... 'str'>

ooboooooocobooooboooobooooobooooboboooobooOoobooboOonn (iny
gbooboobooooboobooooboooobooboooooa

22 000000

Sagee 00O OOOOO0ODODOOOOODOOOOO@OD)ODODODODOODOOODDOOOO?OOO0O
obooooooboooooooon:

sage: tan?
Type: <class 'sage.calculus.calculus.Function_tan'>
Definition: tan( [noargspec] )

Docstring:

The tangent function

EXAMPLES:

sage: tan(pi)
0
sage: tan(3.1415)
-0.0000926535900581913
sage: tan(3.1415/4)
0.999953674278156
sage: tan(pi/4)
1
sage: tan(l/2)
tan(1l/2)
sage: RR(tan(1l/2))
0.546302489843790

sage: log2?

Type: <class 'sage.functions.constants.Log2'>

Definition: log2( [noargspec] )

Docstring:

The natural logarithm of the real number 2.

EXAMPLES:
sage: log2
log2
sage: float(log2)

(oooooon)

22. 000000 9
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(Ooooo0ooooo0)

0.69314718055994529
sage: RR(log2)
0.693147180559945
sage: R = RealField(200); R
Real Field with 200 bits of precision
sage: R(log2)
0.69314718055994530941723212145817656807550013436025525412068
sage: 1 = (1-log2)/(1+log2); 1
(1 - 1log(2))/(log(2) + 1)
sage: R(1)
0.18123221829928249948761381864650311423330609774776013488056
sage: maxima(log2)
log(2)
sage: maxima(log2).float()
.6931471805599453
sage: gp(log2)
0.6931471805599453094172321215 # 000 32000
0.69314718055994530941723212145817656807 # 00D 0O 64000
sage: sudoku?
File: sage/local/lib/python2.5/site-packages/sage/games/sudoku.py
Type: <... 'function'>
Definition: sudoku(A)

Docstring:

Solve the 9x9 Sudoku puzzle defined by the matrix A.

EXAMPLE:
sage: A = matrix(zz,9,[5,9,0, 0,8,0, 0,4,9, 0,0,0, 5,0,0,
9,3,0, 0,6,7, 3,9,0, 0,0,1, 1,5,0, 0,0,0, 0,0,0, 0,0,0, 2,0,8, 0,0,0,
9,0,0, 0,0,0, 0,1,8, 7,0,0, 0,0,4, 1,5,0, 0,3,0, 0,0,2,
0,0,0, 4,9,0, 0,5,0, 0,0,3])

sage: A

[5000800 4 9]
[00 05000 30]
[06730000 1]
[I5000000 0]
[O0 020800 0]
[O0 0000600 18]
[70000415 0]
[03000200 0]
[49005000 3]

sage: sudoku(A)

[5136872429]
[849521637]
[2673495381]

(oooooon)

10 020 Sage OO0
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(Cooooooooo)

[158463972]
[97 421836 5]
[32679541 8]
[78293415 6]
[63517289 4]
[4918567 2 3]

000 Sage00D0OO0O0000O0O0DDOOOOOOOTTABOOOOODODOOOOOOOOODODOOOO
Ub0o00bO0o00O0b000 ta000O0O0 TABOOOODOOOSage O tachyon, tan, tanh,taylor
gbobooodbobobobobooobobobobobobobooooobobobobobabo

23 00,0000000D000000O

Sage D0 0ODOO0OOOODOOODOOdef00DO0ODO0O0ODOODOODOOD :O0O0ODOODOODOO
goo:

sage: def is_even(n):
eeeat return n % 2 == 0

sage: is_even(2)

sage: is_even(3)

ob:00000000000000b0000000bO0000O00ob0obo0oo0 20000000000
....gooooooooooogoboobobooooooooooooooobboboooooooboOobbo
gbobooocoboobooboboboooobooboobobOobOoboobo0o0oob0On0d Return/Enter
gbooooobooooboboooobooooboOooboooon

gboboboboaoboooboobuoobobobobboboobooboobuooboboooboaoboa
00O000o0o0o0o0ooooD0DOobObD divisorDOOOOOOOODOODO divisor=2000000
gooo:

sage: def is_divisible_by(number, divisor=2):
eeeat return number % divisor ==
sage: is_divisible_by(6,2)

sage: is_divisible_by(6)

sage: is_divisible_by(6, 5)

goboboboobooobooboobobobobbobooboobooboboboboboobobooboo
gbooboobooooboobooooobon:

23. 00,000000000000 11
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sage: is_divisible_by(6, divisor=5)

False

sage: is_divisible_by(divisor=2, number=6)
True

Python OO ODOOOOO0OOOOODOODOOOO0O0C0OO0ODOOBbBegin-end00000O00O0O0O0OO0OO0O
oboooooobOpythonDO0OOO0OOO0OO0OOODOOODOODOODOO@OODH)OODOODOO
bobooobdbf reeurnd00000oO0OoOoOoOobOO0obOOoOOoO0OOO0OOOOODOODOODODbDOn
gboooooboooooboooa:

sage: def even(n):

eeeat v = []

ceeat for i in range(3, n):
et ifi%2==0:
ieeat v.append (i)
ceeat return v

Syntax Error:

return v

obooooboobooooobobooooobobobooboobooog:

sage: def even(n):

et v = []

ceat for i in range(3,n):
I ifi%2==0:
ceeat v.append (i)
et return v

sage: even(10)

[4, 6, 8]

boboooooooooooooboboboooobooboooooobDoboboboob1oboo
gbooobooboooboobooooboobooooboooon:

sage: a = 5; b=a+ 3; ¢ =b"2; c
64

100b00b0ooooboboooboobobobooboobooooobobooboooboobon:

Sage U0 O0OOOOOOOOODOOODOOO0ODOOO0ODOOOOODOOODOOOOOOODOO 1000 C++0O
JavaO DO OO for(i=0; i<3; i+ O0O0OO0OOODOOO:

sage: for i in range(3):
P print (i)

(oooooon)

12 020 SageOOoOooOnO
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(Ooooo0ooooo0)

0000000000 for(i=2;i<5;i+) 00000000

sage: for i in range(2,5):
ceet print(i)

range J0 000000000 O00000OO,000000 for(i=l;ik6;i+=2)00000000O.

sage: for i in range(1,6,2):
Ceet print(i)

Sage D0 DO 0O0OO0OO0O0DODOOOOOOODOOOOOODODOOOOODODODOOOODODOOOOO
ooo0o00o0oobOo0o0obOoO0oooo0oooobooboebOOOODbOOODOOO 20030000
goooog

sage: for i in range(5):
ceet print('%6s %6s %6s' % (i, i*2, i*3))

0 0 0
1 1 1
2 4 8
3 9 27
4 16 64

Sage U0 DO0O0OD0O0OOOODOODOOOODOOODODOODOOOODOODOOOODOOODOOO
gbboobOdb0OrangeJ 00000000 OOO0ODOOO

sage: range(2,10) # py2

[2, 3, 4, 5, 6, 7, 8, 9]

sage: list(range(2,10)) # py3
[2, 3, 4, 5, 6, 7, 8, 9]

obooooobooooooooo:

sage: v = [1, "hello", 2/3, sin(x*3)]
sage: v
[1, 'hello', 2/3, sin(x*3)]

gbooooboooobooboooooobooooooobobon

23. 00,000000000000 13
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sage: v[0]
1

sage: v[3]
sin(xA3)

viOOooOoooooO len(vyJOOO vOODODOOOOOOOOOOODOOOOOO v.append(obj)
oboo0vO:00000000000000 del v[ilODO:

sage: len(v)

4

sage: v.append(1.5)

sage: v

[1, '"hello', 2/3, sin(x*3), 1.50000000000000]
sage: del v[1]

sage: v

[1, 2/3, sin(x*3), 1.50000000000000]

gbobooboooobooboobooooboob @oboobooo)obooboobooobooboooaon
oboooobooooboobooooboboooooboooooboOobobooobobooooooboon
oooboooboobooooboboboooooboooo)o

sage: d = {'hi':-2, 3/8:pi, e:pi}
sage: d['hi']

-2

sage: d[e]

pi

gobgboboaoboabuoobuogbooobobbobooaoboobouobooboboooboaboa
Ob0O0O0OSageOODO0DOOO0OOOOOODOODOODOOODOODOODOOODOODODORODODOODOO
gbooboobobobooboboooobooooboob list00gnooon

sage: class Evens(list):

ceeat def __init__(self, n):

R self.n = n

eeeat list.__init__(self, range(2, n+1, 2))
et def __repr__(self):

ceeat return "Even positive numbers up to n."

bobooooooooobooboobOoD _finit__ 000000000 __repr__ 000000000
00000000 _init__0000020000000000000000000000 EvensOOO
obooooobooooobobooooob:

sage: e = Evens(10)
sage: e

Even positive numbers up to n.

eJU00000DO0ODLOOD _repr__ 0000000000 OOO0ODOODOOOODOODOOOODOO

14 020 SageOOoOooOnO
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oooooooboo0 list0ooogo:

sage: list(e)
[2, 4, 6, 8, 10]

nd00000000 e0DOO0OD0ODOOOODODOOODO

sage: e.n
10

sage: e[2]
6

24 0 00000OOOO

Sage 1000000000000 DOOODO0ODOODOOONOOONDODODNOOOOOODOOOO
0000000000000 000000000000000000000 Sage Constructions 00000
000000000000000

241 000000

goboboboobooo

solve OO DOOOOODOOOOODOODOOOOODOODOOOOODOOOOOOODOOOOOOODOO
obooooo@oobooboO)obooobouobo selveOOOOooooooOQ:

sage: x = var('x")
sage: solve(x*2 + 3*x + 2, X)
[X == —2’ X == —1]

goboboboobobooboobooboobooboobon:

sage: x, b, ¢ =var('x b c")
sage: solve([x*2 + b*x + ¢ == 0],x)
[x == -1/2%b - 1/2*sqrt(b*2 - 4*c), x == -1/2*b + 1/2*sqrt(b*2 - 4*c)]

gboobooooooobooogd:

sage: x, y = var('x, y")
sage: solve([x+y==6, x-y==4], X, y)
[[x ==5, y == 1]]

O0JasonGrout 0O 0O O0O0OO0OOSage 000000000 O0OOOOOO0ODOODOODOODOOOOOOO
oboooooooon:

24. 0000O0OOOOO 15
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sage: var('x vy p q')

x, vy, p, @

sage: eql = p+q==9

sage: eq2 = Q*y+p*x==-6

sage: eq3 = q*y’2+p*x/A2==24

sage: solve([eql,eq2,eq3,p==1]1,p,q,X,y)

[[p==1, q ==8, x ==-4/3%sqrt(10) - 2/3, y == 1/6*sqrt(10) - 2/3], [p == 1, q == 8,
X == 4/3*sqrt(10) - 2/3, y == -1/6%sqrt(10) - 2/31]

obooooooboooooboboooog:

sage: solns = solve([eql,eq2,eq3,p==1],p,q,%,y, solution_dict=True)
sage: [[s[p]l.n(30), s[ql.n(30), s[x].n(30), s[y].n(30)] for s in solns]
[[1.0000000, 8.0000000, -4.8830369, -0.13962039],

[1.0000000, 8.0000000, 3.5497035, -1.1937129]]

ngdO0dooo0ooobO0obooooob.n0O00000O0D0O0DOOO0OOODOO0OOOOODOOO0

goboboboobooo

oboodobo@oooooo)bibod selvelOOOOOOOOOODODOODOODOODOOOOOOO
0000boooboo0oD find_reoot 00000000 0ODOOOOOODOOODOOODOOOOOOOO
obo0o0O solveOOOUODOUODOODOODODOOODOO

sage: theta = var('theta')
sage: solve(cos(theta)==sin(theta), theta)
[sin(theta) == cos(theta)]

000000 find root 00000 0< o< w/2000000000000000000O00OOOOO.

sage: phi = var('phi')
sage: find_root(cos(phi)==sin(phi),®,pi/2)
0.785398163397448. ..

242 00000O0DOOO

Sage 00000000 UOOOUOOOOODOOODOOOUOOOD sin(u)0w0000000000OOOO
goo:

sage: u = var('u')
sage: diff(sin(u), u)

cos(u)

sin(22)0 40000000000

16 020 SageOOoOooOnO
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sage: diff(sin(x*2), x, 4)
16*xA4*sin(xA2) - 48*xA2%cos(xA2) - 12*sin(xA2)

?»+17y?0 20 y000000000000D0D0O0O0O:

sage: x, y = var('x,y")
sage: f = xA2 + 17%yAr2
sage: f.diff(x)

2%x

sage: f.diff(y)

34%*y

000000000000 [asin@z?)dz0 [, 45 dz000000000

R
x2+1

sage: integral (x*sin(x*2), x)
-1/2*cos(x*2)

sage: integral(x/(x*2+1), x, 0, 1)
1/2*%1og(2)

L. 0000000000000:

sage: f = 1/((1+x)*(x-1))
sage: f.partial_fraction(x)

-1/2/(x + 1) + 1/2/(x - 1)

243 0 00OO00OOO

Sage 000000000 DOODODOODOOOOOOOO 2’4+2x—-1=000000:

sage: t

var('t") # 00O t0O00O

sage: x = function('x") (t) #x 0O t 000000
sage: DE = diff(x, t) + x - 1

sage: desolve(DE, [x,t])

(_C + ert)*er(-1)

000 Sage 0 Maxima [Max] 0000 0000000000000000000000000 Sage DO
00000000000000000000000000000 z(t)=e¢(e!+¢)000000000
000

000000000000000000¢% —sin(t)0000000000000000000

sage: s = var("s")
sage: t = var("t")
sage: f = tA2%exp(t) - sin(t)

sage: f.laplace(t,s)
-1/(s*2 + 1) + 2/(s - 1)*3

24. 0000O0OOOOO 17
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goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa

|------ \/N/N/\N/\---massl|----\/\/\/\/\/----Imass2|

spring1 spring2

o000 2000000
maz! + (k1 + ka)x1 — kaze =0
mQx/Q' -+ ]{52(3']2 — IL’l) = 0,

gooopoooooooo ;00000000 ;000000;00000000000000 ;O
gb:000000000

00:00000000000000 my =2me =1,k =4,k =2, 2,(0) = 3, 24(0) = 0, 22(0) = 3,
2y(0)=00000Sage 10000000000

gb:00 1000000000000000 @EO00 z=2,y=20000):

sage: del = maxima("2*diff(x(t),t, 2) + 6%x(t) - 2*y(t)")

sage: ldel = del.laplace("t","s"); ldel

2% ((-%at('diff(x(t),t,1),t=0))+s*2*"'laplace(x(t),t,s)-x(0)*s)-2*"laplace(y(t),t,s)+6*
—'laplace(x(t),t,s)

00000000000 000000000000
—22'(0) + 2% - X(s) — 252(0) — 2Y'(5) +6X(s) =0

000000 @0000000000 2(t)000000000000000 X(s)ODODOOOoo)d20O
gboooooboboooooboon:

sage: de2 = maxima("diff(y(t),t, 2) + 2*y(t) - 2*x(t)")

sage: lde2 = de2.laplace("t","s"); lde2
(-%at('diff(y(t),t,1),t=0))+sr2*"'laplace(y(t),t,s)+2%*"'laplace(y(t),t,s)-2%
—'laplace(x(t),t,s)-y(®)*s

oooooooo
—Y'(0) + s?Y (s) +2Y (s) — 2X(s) — sy(0) = 0.

0000 «(0),2/(0),y(0)0000 %/ (0)0000000002000000 XO0yYOOOOODO:

sage: var('s X Y")
(s, X, V)
sage: eqns = [(2%sA2+6)*X-2*Y == 6%s, -2*X +(s*2+2)*Y == 3*s]
sage: solve(egns, X,Y)
[[X == 3*(s*3 + 3*s)/(s*4 + 5%sA2 + 4),
Y == 3%(s*3 + 5%s)/(s*4 + 5%s*2 + 4)]]

obooooooooobooog:

18 020 SageOOoOooOnO
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sage: var('s t')

(s, ©

sage: inverse_laplace((3*s”3 + 9%s)/(s*4 + 5%s*2 + 4),s,t)
cos(2*t) + 2*cos(t)

sage: inverse_laplace((3%s*3 + 15%s)/(s*4 + 5%sA2 + 4),s,t)
-cos(2*t) + 4*cos(t)

gboobooboooooboo
x1(t) = cos(2t) + 2cos(t), x2(t) =4cos(t) — cos(2t).

gbooooboobooooooa

sage: t = var('t")

sage: P = parametric_plot((cos(2*t) + 2*cos(t), 4*cos(t) - cos(2*t) ),
... (t, 0, 2%pi), rgbcolor=hue(0.9))

sage: show(P)

oboooooobooooooboo

sage: t = var('t")
sage: pl = plot(cos(2*t) + 2*cos(t), (t,0, 2*pi), rgbcolor=hue(0.3))
sage: p2 = plot(4*cos(t) - cos(2*t), (t,0, 2*pi), rgbcolor=hue(0.6))
sage: show(pl + p2)

gbbooobbdo gbbooub booboobobooboboooobbooooooboooooboboa
[NagleEtAI2004] O 5.500000000000O00O0O

244 000000 0OODDOOODDOOOO

ooooooloooo20000000ooooooOo0ooo0ooboooooOooooDbDobD 1000
gbooooboooobooboooobooooboobooooono

y/:f(‘r7y)7 y(a):Ca
JdddoboooOo000dddbs>e0000O0x=b00000000000000000000O3

gobogooaoo

iy yl@+h) —y(z)
y(a)m =———,

000 AR>000000000000000000000000000000000000 f(z,y(z) =
Yeth—v@) noopoo0000 yx+h)0000000:

ylz +h) = y(@) +h- flz,y(r)).

(000000 O0OoOOoOoOoUoooOO)h: f(e,y(x) O "O00"0O0OO0O y(zx)OyO "OO00OO (old)",
y(x+h) O yO"O000O ew)'D00000000O0O0ODOO0OOO

Ynew =~ Yold + h- f(xa yold)-

24. 0000O0OOOOO 19
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gobobooabooan

00«00 0000000 0000000000 h:b_TaDDDDDDDDDDDDDDDDDDD
gboooobobooooobobooobooboooconoa

T y h-f(z,y)
a c h- f(a,c)
a+h c+h- fa,c)

a+2h

b=a+nh | 77?

0000000000000 00000000o00Uo0o0oooUoo0 yh)Oooooooooooo
go»?o0booooogoo

gboooobobooooobooooboobooon

O0:2"+t2+2=0,2000=1,7/(0)=000000 t+=10000 2()00400000000000
000000000000000

0000000200000000(xz=2y=72000)000100000000000000000
oboooooooooon

sage: t,x,y = PolynomialRing(RealField(10),3,"txy").gens()
sage: f=y; g=-x -y *t
sage: eulers_method_2x2(f,g, 0, 1, 0, 1/4, 1)

t X h*f(t,x,y) y h*g(t,x,y)

0 1 0.00 0 -0.25
1/4 1.0 -0.062 -0.25 -0.23
1/2 0.94 -0.12 -0.48 -0.17
3/4 0.82 -0.16 -0.66 -0.081

1 0.65 -0.18 -0.74 0.022

000000 2(1)~0650000

0 (z,y) DOODODODODOODOODDODODOOUDDODODODOODODODDOODODODDOOOODO
eulers_method 2x2_plot 00O O OOOOO0OOODOO (¢, », »yy OOO0OOO0OODOOO fO g
gbooooobooooooobono

sage: f = lambda z: z[2] # f(t,x,y) =y
sage: g = lambda z: -sin(z[1]) # g(t,x,y)
eulers_method_2x2_plot(f,g, 0.0, 0.75, 0.0, 0.1, 1.0)

-sin(x)

sage: P

gboooobopO2000000000000000O000O00:0¢tO000000O0OOPIE]IOODOOY
o+tooooboooovrpil]oooboboboobooboooooboooooobooon:

sage: show(P[0®] + P[1])

(oooooooboooooboooooboooo)

20 020 SageOOoOooOnO
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245 0000

OO00000000O00OOCCOO0OOPARI[GAPIODODO Maxima [Max] OO OOO0O0O00O0O0OO0OOOOO
0000 SageOODOODODOOOOODO® Orthogonal polynomials" (DO OO O)O" Special functions"(O
oooO)ooooooooo

sage: x = polygen(QQ, 'x")

sage: chebyshev_U(2,x)

4%xA2 - 1

sage: bessel_I(1,1).n(250)
0.56515910399248502720769602760986330732889962162109200948029448947925564096
sage: bessel _I(1,1).nQ

0.565159103992485

sage: bessel_I(2,1.1).nQ

0.167089499251049

0000000000 O0Saged0000000DOO00ODOOOOOOOOOOOOODOO (wrappooonQo
gbogbdabgboobooboooobobob MaximaUOOO0Ooooooooooooooaobo

sage: maxima.eval("f:bessel_y(v, w)")
'bessel _y(v,w)"'

sage: maxima.eval("diff(£f,w)")
'(bessel_y(v-1,w)-bessel_y(v+1,w)) /2"

25 000000

Sage 0O OO0 20000030000000000O0O000DOOO

251 2000000

Sage 20000000000DO0OO0DOOOOOOODOOOOOOOODOODOODOOOODOOO
goooooOoOoooooOooooOoOopooO00oooo0O0ooDoOoOoooDOooOooooogoobooog
O000000000000D0O00 Sage0000DOO0OO0O0O0DOODOOODOODOOODOOODOOOOO
O Maxima 0O 0ODO O Sage Constructions OO O0OOO0O

gbooooobooobooobobooobo1ocobooogn:

sage: circle((0,0), 1, rgbcolor=(1,1,0))

Graphics object consisting of 1 graphics primitive

goboobooboobooon

sage: circle((0,0), 1, rgbcolor=(1,1,0), fill=True)

Graphics object consisting of 1 graphics primitive
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gobgbooobooboobuoobobobobbobooboobooboobobooboan

sage: ¢ = circle((0,0), 1, rgbcolor=(1,1,0))

0000000000000 c.show(O OOO show(c) OOOOO:

sage: c.show()

0000 c.save('filename.png") U0 OO OOOODOO0O cOODOODOOOODODOODOO.

gbobooobooboooboobooobooobbooooooboooboooooooboooobooboooooon
ooooog:

sage: c.show(aspect_ratio=1)

000000000 show(c, aspect_ratio=1) 0000000000 OOOOOOOOOOOOOO0O
c.save('filename.png', aspect_ratio=1) 0O O0O0OOOOO

obooooobooooooo:

sage: plot(cos, (-5,5))

Graphics object consisting of 1 graphics primitive

goboboobooboobooboobooboobon:

sage: x = var('x")
sage: parametric_plot((cos(x),sin(x)*3),(x,0,2*pi),rgbcolor=hue(0.6))
Graphics object consisting of 1 graphics primitive

oboooobooooboobooooboboooooboooooboOobobooobobooooooboon
goooooooooboooboooooobooogoobooooooboo@oobOo)booboobboooboo
goooon

sage: plot(x*2,(x,300,500))
Graphics object consisting of 1 graphics primitive

gbooooboobooooobobooooobobobooboobooog:

sage: x = var('x")
sage: pl = parametric_plot((cos(x),sin(x)),(x,0,2%pi),rgbcolor=hue(0.2))

sage: p2 parametric_plot((cos(x),sin(x)*2), (x,0,2%pi),rgbcolor=hue(0.4))
sage: p3 = parametric_plot((cos(x),sin(x)*3),(x,0,2%pi),rgbcolor=hue(0.6))

sage: show(pl+p2+p3, axes=false)

obobooooooboobobobooboooobooboboboooboobD(@boboboO0 LbOdn polygon
goboboobooobooboobuoobobbooobooboobooboobuooboooDg:

sage: L = [[-1+cos(pi*i/100)*(1l+cos(pi*i/100)),
cenot 2%sin(pi*i/100)*(1-cos(pi*i/100))] for i in range(200)]

(oooooon)
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(Cooooooooo)

sage: p = polygon(L, rgbcolor=(1/8,3/4,1/2))
sage: p
Graphics object consisting of 1 graphics primitive

show(p, axes=false) 00000000000 DOOOODOOOOO

goboboboobooboobooobooboob:

sage: L = [[6%cos(pi*i/100)+5%cos((6/2)*pi*i/100),

ce..r 6%sin(pi®i/100)-5%sin((6/2)*pi*i/100)] for i in range(200)]
sage: p = polygon(L, rgbcolor=(1/8,1/4,1/2))

sage: t = text("hypotrochoid", (5,4), rgbcolor=(1,0,0))

sage: show(p+t)

bbodb00aresin00000O0O0O0O0O0OO0O0CODOODOOOOODOOOOOOODOOOODOODOO
0000000000000 0 20 —2700 27000 y=sin(z) 0000000 4500000000
0b0000O0b0o000onbO0b0on Sage0O0OOoOooooOOoOoOoOooOobOOOO:

sage: v = [(sin(x),x) for x in srange(-2*float(pi),2*float(pi),0.1)]
sage: line(v)
Graphics object consisting of 1 graphics primitive

U0 (an) 000 sinO0000000O00OO0O0ODOaresin0000000O00O0O00O0COOOODOO x-0O
obooooooboooooboboooog:

sage: v = [(tan(x),x) for x in srange(-2*float(pi),2*float(pi),0.01)]
sage: show(line(v), xmin=-20, xmax=20)

Sace U0 DO((@OODOOOOODOODOO)ODODOODOODOODODODOODDOODOOOODOOO
gbooooboooobooboooooboobooon:

sage: f = lambda x,y: cos(x*y)
sage: contour_plot(f, (-4, 4), (-4, 4))
Graphics object consisting of 1 graphics primitive

252 300000C

Sage DO 3000000000000DOO0O0DOOODOOODOOODOOOREPLOOOODOO)ODOOOS3
0oo00oooobD0boobooo0bD0b0obo0oooOnDg [ThreelS]OODODODOOOOImol OO
gboooooboboooooboooooan

plot3d0000 f(x,y)=2000000000000000:

sage: x, y = var('x,y")
sage: plot3d(x*2 + y*2, (x,-2,2), (y,-2,2))
Graphics3d Object
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000 parametric_plot3dO 000 z,y,z 000 10000 20000000 @O0OCO0O0O0ODOOO
U«0000000boobboo0)oboobbobboobooboobooboobooobooboo
gbooooboboooooboboooog:

sage: u, v = var('u, v'")

sage: £ x(u, v) = u

sage: f.y(u, v) = v

sage: f_z(u, v) = ur2 + vA2

sage: parametric_plot3d([f_x, f.y, f z], (u, -2, 2), (v, -2, 2))
Graphics3d Object

Sage0 300000000000 DOOOOOOODOO implicit_plot3dO 0000000 (DOOOOO
0o0o0o0oooon) f(r,y,z) =000000000000000O00O0OO00OODOOOOOOOOOOOO
gbooooood:

sage: x, y, z = var('x, y, z")
sage: implicit_plot3d(x*2 + y*2 + z"2 - 4, (x,-2, 2), (y,-2, 2), (z,-2, 2))
Graphics3d Object

gbooooobooobocoo3oobooooobooooon:

goobogoooo:

sage: u, Vv

var('u,v')

sage: fx = u*v

sage: fy = u

sage: fz = vA2

sage: parametric_plot3d([fx, fy, fz], (u, -1, 1), (v, -1, 1),
....: frame=False, color="yellow")

Graphics3d Object

0000000 @Ooo):

sage: u, v = var('u,v")
sage: fx

(1+cos(v))*cos(u)

sage: fy = (l1+cos(v))*sin(u)

sage: fz = -tanh((2/3)*(u-pi))*sin(v)

sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2%*pi),
..... frame=False, color="red")

Graphics3d Object

0000000 (twisted torus):

sage: u, v = var('u,v")
sage: fx

(3+sin(v)+cos(u))*cos(2*v)
sage: fy

(3+sin(v)+cos(u))*sin(2*v)
sage: fz = sin(u)+2*cos(v)
sage: parametric_plot3d([fx, fy, fz], (u, 0, 2*pi), (v, 0, 2*pi),

(oooooon)
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(Cooooooooo)

....: frame=False, color="red")
Graphics3d Object

0000000 (OO0, lemniscate):

sage: x, y, z = var('x,y,z")

sage: f(x, y, z) = 4%xA2 * (X"2 + yA2 + 272 + z) + yr2 ¥ (yr2 + z*2 - 1)
sage: implicit_plot3d(f, (x, -0.5, 0.5), (y, -1, 1, (z, -1, 1))
Graphics3d Object

26 J0000OODOOO
00000000000000000000000000000000000000000000000
00000000000000000000000000

Sage 00000000000 DOOOOOONOOOOOOOOOON:

.o00,00b0booobooboo oboboocoboboooodpython00000O0O0O0O0OOCOODOO
goboboooboooboobooboobobboobo

sage: def f(z): return z/2
sage: type(f)

<... 'function'>
sage: f£(3)
9

sage: plot(f, 0, 2)

Graphics object consisting of 1 graphics primitive

000000000000 000000D00D plot(£(2), 0, 200000000000 O0DODOOO
o00D00zO f000000C00O0O0OO0O0O0ODOOOO0OOOOODOOODOOOOODOOOODOOO
f(z)OO0O00OO00O0o0ooOo0ooobOooooboooooooooooobboobooooooooooon
ooooooooooo@uoo40000)0

sage: var('z") # zO0OOOOOOO
Z

sage: f(z)

zZA2

sage: plot(f(z), 0, 2)

Graphics object consisting of 1 graphics primitive

ooooo fx00obooooooboooobooboooobooboooboobooogoDooo

2.000000000000O0ODO0O0O (callable symbolic expression) 1 000000000 O0OOOOOOO
oooooooopoooo

26. 000O00O0O0OOO 25
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sage: g(x) = x*2

sage: ¢ # gl x x22000

X |--> xA2

sage: g(3)

9

sage: Dg = g.derivative(); Dg

X |--> 2*x

sage: Dg(3)

6

sage: type(g)

<type 'sage.symbolic.expression.Expression'>
sage: plot(g, 0, 2)

Graphics object consisting of 1 graphics primitive

gboooooooooobOoobobgx oo oobbODooOooooobobOOoboboOoobo
ooooooooooooOoOooobOoOoooOooooObo0oobOoooDOoO0ooboOooDoOoooDoOSsS
oboooooooobooo

sage: g(x)

X2

sage: type(g(x))

<type 'sage.symbolic.expression.Expression'>

sage: g(x).derivative()

2%*x

sage: plot(g(x), 0, 2)

Graphics object consisting of 1 graphics primitive

3.Sage0000D00DO0O0O0ODDO (caleulus function) 0 0. 0000000000000 0O0OOO0OO
gbooooboobooooooa

sage: type(sin)

<class 'sage.functions.trig.Function_sin'>

sage: plot(sin, 0, 2)

Graphics object consisting of 1 graphics primitive
sage: type(sin(x))

<type 'sage.symbolic.expression.Expression'>

sage: plot(sin(x), 0, 2)

Graphics object consisting of 1 graphics primitive

000000 sin00000000000DO0000D00 cosOOOODOO

sage: f = sin
sage: f.derivative()
Traceback (most recent call last):

AttributeError:
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sin00000000 £f=sin(x)000000000O00DO0DOODODOODO ODOODODOD £
=sin(x) 000000000 DOO0O0O0O0ODOOOO0ODOO0bOOoOooOooDo

sage: S(x) = sin(x)
sage: S.derivative()

X |--> cos(x)

gobgoboobooboobooboobooboon:

4. 000000000CO0O00O00O00O0

sage: def h(x):

ceaat if x < 2:

P return 0
R else:

P return x - 2

000 plotth(x), 0, H 000000000 ODOODOODy=c—-20000000000000O0O
00 hO0OOoOOobOOo0OOObO00000000 plotth(x), 0, 0000000000 h(x OO
000000000 x000 hx)O0O0OO0000 xx200000000000000

sage: type(x<2)
<type 'sage.symbolic.expression.Expression'>

gbooouobooboobobobohhobOoboOooboboboobooboooboboooobooooboon
oboo0oobobobo0hxOx2000000000000000 x-20000000000

0oooooDOoO plotth(x), 60, 40000

sage: plotCh, 0, 4)
Graphics object consisting of 1 graphics primitive

gobogbooaobooabodaod

s5.000000000000000D0A0

sage: f = x

sage: g = f.derivative()
sage: ¢

1

000000D¢g3)00D000D00O0OOODOOOnDDg "ValueError: the number of arguments must be less
thanorequal to 0."0 000 0O0O0OO0ODOODOO

sage: type(f)
<type 'sage.symbolic.expression.Expression'>
sage: type(g)
<type 'sage.symbolic.expression.Expression'>

guboobooobooboboobobbobooboobooboobOoobooon
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oboobooooooboo

- fO000D0O000DOOO0ODOOOODOOOO

sage: f(x) = x # 'f=x'00000
sage: g = f.derivative(Q)

sage: ¢

X |-—>1

sage: g(3)

1

sage: type(g)
<type 'sage.symbolic.expression.Expression'>

000 f00000D000g0ODO0ODOOOOODODOODOOD

sage: f = x
sage: g(x) = f.derivative() # 'g = f.derivative()'0 00000
sage: ¢

X |--—>1
sage: g(3)
1

sage: type(g)
<type 'sage.symbolic.expression.Expression'>

000 f0g00000O0DODDOOOODOOOODDOOOO

sage: f = x

sage: ¢ f.derivative()

sage: ¢

1

sage: g(x=3) #0O00O0O'93'00000
1

OO0o00oO0O0oO0000 £f=x0 fx) =x00000000D00CO000DOOCOOODDOOOODO

sage: f(x) = x

sage: g = f.derivative(Q)

sage: g.variables() # g OO ?
O

sage: g.arguments() # g OO0 OoOooooon?
(x,)

sage: f = x

sage: h = f.derivative()

sage: h.variables()

O

sage: h.arguments()

O

28
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oooooobooboob0 haO0oOobobooobooboobohoboboooobobooooon

27 00000

ooooooobooooooboooobobooooobooboobooboooobobobooooDboo
gboooooobobooboooobobo gingODO0OO0O0OO0OOODOODOOOOOOODOODbOOO0
obooooboooobOooboooobobooooobooooobooboooobooboooooobon
obooooobooooboooooob:

00 {..,—1,0,1,2,..},Sage 00 zzO OO0
+000--000000000000000 --O000

« JUOD0ORROODOO

gbooocchoon

obooooobooboobooboooobobooooobooboobooboooobobobooobooboon
0000000000000000000000000000000000000000 22-20000
0+/2000000000000000000000000000000000O0O0O0O0O0O00000
oboooobooooboobooooboboooooboooooboOobobooobobooooooboon
goooooobooooboobooogoboboooooboobooobobobooobobobooobooDboo
Ub0o00bo0bO0b0o00bOo0n0ODb ratpolyU realpoly0 00000000000 OOOOOOO
gboboooooooooooboobooooboobob obooooooobooboobOon <0 .<z>
oboooooooo

sage: ratpoly.<t> = PolynomialRing(QQ)
sage: realpoly.<z> = PolynomialRing(RR)

000 22-200000000000000:

sage: factor(t*2-2)

tA2 - 2

sage: factor(z*2-2)

(z - 1.41421356237310) * (z + 1.41421356237310)

gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon
gboooooooobooooooboooooooooooooobooboooobooooooooooo
obooooooobobooboooobooboboonoo

U010 -1g0bobobooboidigoboobooboobobbobboobooboon

sage: i # -10000
I

sage: i in QQ

False

oboooobooiocoboboooboooooooboooboobooooobooooobobooooon
gboooooboooboooboobooooobobooooobooboobobo iboboooooDo:
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sage: reset('i')

ooboooooobobooooooboboooobobobbob0 i0 -100b0oboboooboboo
o000 -10000 0000 b0o0oooOoo0 boobbOoooDbObDO0 ccG@bogcc.ogoonoyg
gboboobbo -1000oooooobobooboobobooobooboooobooobodd(eoercion) O
gboooobooooboobobobooooobobooobooboobo booog

sage: i = CC(1) #00O0O0OOOOO
sage: i == CC.0

True

sage: a, b = 4/3, 2/3

sage: z = a + b*i

sage: z

1.33333333333333 + 0.666666666666667*1
sage: z.imag(Q) # 00O

0.666666666666667
sage: z.real() == a #0000000000000O0O0
True

sage: a + b

2

sage: 2¥b == a
True

sage: parent(2/3)
Rational Field
sage: parent(4/2)
Rational Field

sage: 2/3 + 0.1 #00O0O00OO0DOOO
0.766666666666667
sage: 0.1 + 2/3 # SAceU U DOUOOODOOOOOO

0.766666666666667

U000 Sage 00000 DOO0OO0OO0DOOOOODOOODODOODODOODODODOO OODOO
RationalFieldQ DOO0ODOOOODODO (U (field) DOODODDODOOOODOOOOODODOOOOODO
oboooobooboboobooboooboobobobooboobooooon)o

sage: RationalField()
Rational Field

sage: QQ

Rational Field

sage: 1/2 in QQ

True

oboobooobooooooooobobobooooooboobOobobobob 1.20QO0b00bOn
000 (0000000000000 00 0000) 00000 »0+/20000000000:

sage: 1.2 in QQ

(oooooon)
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(Ooooo0ooooo0)

True

sage: pi in QQ
False

sage: pi in RR

True

sage: sqrt(2) in QQ
False

sage: sqrt(2) in CC
True

O00000000DO0O000DSage0 0000 0p- 0000000 DODOOOOODODOOOODOOO
gbooooboooboobobooooboooooboooao.

sage: GF(3)

Finite Field of size 3

sage: GF(27, 'a') # 000000O00ODOO0ODOOODOODO
Finite Field in a of size 343

sage: Zp(5)

5-adic Ring with capped relative precision 20

sage: sqrt(3) in QQbar # QU O OO OO (DJO)

True

28 0000

SageUOO0O0OO0OOO0OOODOODOOOOOODOODOOOOOOOOODOODOOOOOOODOODOO (O
goo)ooooboobooooboooood

gbooooboooobooboooooboobooon:

sage: A = Matrix([[1,2,3]1,[3,2,1],[1,1,11D)
sage: w = vector([1,1,-4])

sage: w*A

@, 0, 0

sage: A*w

-9, 1, -2)

sage: kernel(A)

Free module of degree 3 and rank 1 over Integer Ring
Echelon basis matrix:

[ 1 1 -4]

Sage0 0000 AODOOCOCOOOOOOCOOOOO0OwA=000C00O00O0ODDODwOOOOOOODOO

0000000000 solve_right 00000000000 ODODOA.solve_right(Y) ODOOOO
00 AX=Y[0OOOOOO@oooooo)yxoooood

28. 0000 31
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vector ([0, -4, -11)
A.solve_right(Y)

(7]
V]
Q
o

<o <
1l

(_21 11 ®)
sage: A * X # OUO4OOoGOooQ...
(0’ _41 _1)

solve_right U0 OO0O0OO0O0O0O0O0O0ONOODOODOOOOOOOO A.solve_right(Y)ODOOO A
\YOOOOOooooo

sage: A\Y
(_21 11 ®)

obOob0O0oOob00dSaged00OooOooooOoO:

sage: A.solve_right(w)
Traceback (most recent call last):

ValueError: matrix equation has no solutions

O00000 XA=Y[UOUOUOUOO XOOOOOO A.solve_left(y)yOOOOOODO

Sage U0 DOODOODOOODOODODOOOOODO:

sage: A = matrix([[0, 41, [-1, 011)
sage: A.eigenvalues ()

[-2*I, 2*I]

sage: B = matrix([[1, 31, [3, 111
sage: B.eigenvectors_left()

[4, [

(1, D

1, D, -2, [

1, -

1, DI

(eigenvectors_left OO OODOODOOO @EIOLOO,0D00000,000)0000b00O0O0ODO)

QOO0 RROIOOODODOOODODOD MaximeOOOOOOOOOOOOOO (000 Maxima OO
00)o

bbb boooobooboboooooboooboooobooobooooboobooobooboooaon
Uboo0ouobobo0o0b00O0OmatrixO00O000000O00000O0O00DOSaged00O0OO00O0ODOOO
ob0o(zzoOooOo)oooooOooooOubooooobooooobo ®RpOOOOOOOOOOO

sage: AZ = matrix(Zz, [[2,0], [0,11])
sage: AQ = matrix(QQ, [[2,0], [0,1]]1)
sage: AR = matrix(RR, [[2,0], [0,1]]1)
sage: AZ.echelon_form()

(oooooon)
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(Cooooooooo)

[2 0]

[0 1]

sage: AQ.echelon_form()

[1 0]

[0 1]

sage: AR.echelon_form()

[ 1.00000000000000 0.000000000000000]
[0.000000000000000 1.00000000000000]

goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa
OO0O00OD0O00O0D0ODOO RDF (Real Double Field) 0 0 O CDF (Complex Double Field) DD 00O OO0O0OO
gboooobooooboobooooboboooooboooboobobooooboboooobooboon
oboooboooobooobORrRROOOO ccOODOOOOODOOOOOOOOODOOOOODOOOOOn
gobobooobooaoboodan

sage: ARDF = matrix(RDF, [[1.2, 2], [2, 31D

sage: ARDF.eigenvalues() # abs tol le-10

[-0.09317121994613098, 4.293171219946131]

sage: ACDF = matrix(CDF, [[1.2, I], [2, 311D

sage: ACDF.eigenvectors_right() # abs tol le-10

[(0.881845698329 - 0.820914065343*I, [(0.750560818381, -0.616145932705 + 0.
-»238794153033*1)], 1),

(3.31815430167 + 0.820914065343*I, [(0.145594698293 + 0.37566908585*I, 0.
-915245825866)]1, 1)]

281 000O0OO

00000000000 3x300000 Matz«3(Q)UOOO0OODOO:

sage: M = MatrixSpace(QQ,3)
sage: M
Full MatrixSpace of 3 by 3 dense matrices over Rational Field

@BOD40000000000000DO MatrixSpace(QQ,3,4)00000000DO0O0OOOOODOOOO
Ub0000o00ob000Dn MatrixSpace(QQ,3) O MatrixSpace(QQ,3,3) 000000000)00000O
obooooooooon:

sage: B = M.basisQ)
sage: len(B)

9

sage: B[0,1]

[0 1 0]

[0 0 0]

[0 0 0]
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MooooOoooOoooooooboooogon

sage: A = M(range(9)); A
[0 1 2]
[3 4 5]
[6 7 8]

gbooooboooooboooooooo

sage: A.echelon_form()

[1 0 -1]

[0 1 2]

[0 0 0]

sage: A.kernel()

Vector space of degree 3 and dimension 1 over Rational Field
Basis matrix:

[1-2 1]

gbooboobdoooobooboooobooboooooboo

sage: M = MatrixSpace(GF(2),4,8)

sage: A = M([1,1,0,0, 1,1,1,1, 0,1,0,0, 1,0,1,1,
feeat 9,0,1,0, 1,1,0,1, 0,0,1,1, 1,1,1,0])
sage: A

[T100601111]

[01001011]

[00 10110 1]

[001111186]

sage: rows = A.rows()

sage: A.columns()

[(1, ®, ®, ®, (1, 1, 0, ®, (O, 0, 1, 1), (6, 6, 6, 1),
(1, 1, 1, 1, (1, 06, 1, D, (1, 1, 0, 1, (1, 1, 1, O]

sage: rows

[(1, 1, 0, 0, 1, 1, 1, 1), (0, 1, 0, 0, 1, 0, 1, 1),
®, 6, 1,0, 1,1, 0, 1), (6,0, 1, 1, 1, 1, 1, 0]

OO000O0O0oO00o0oOOo qows)DODODDOOOOD Fo.,OOOOODODOOOO

sage: V = VectorSpace(GF(2),8)
sage: S = V.subspace(rows)

sage: S

Vector space of degree 8 and dimension 4 over Finite Field of size 2
Basis matrix:

[100 0010 0]

[01001011]

[00 10110 1]

[00010011]

(oooooon)
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(Cooooooooo)

sage: A.echelon_form()
[100 0010 0]
[01001011]
[00 101106 1]
[00010011]

Sage] SOOODOOOO SOOO0OOOOOU0ODOOOOUOODOOOOODODOOOODO

282 0OO0OooooOO

Sage U0 PID(OOOCOOOOO)OOOOOOOODOOOOODOOOOOOODOOO

sage: M = MatrixSpace(QQ, 100, sparse=True)
sage: A = M.random_element(density = 0.05)
sage: E

A.echelon_form()

Sace DO 0O0O0OO0OO0OODOODODOOOOOOODODOOOODOODODOD @WODODODOOOOO
gooo):

sage: M = MatrixSpace(QQ, 50, 100, sparse=True)
sage: A = M.random_element(density = 0.05)

sage: E = A.echelon_form()

sage: M = MatrixSpace(GF(2), 20, 40, sparse=True)
sage: A = M.random_element()

sage: E = A.echelon_form()

Python 0O OO0O0DOOO0O0ODOOOODOOO:

sage: M = MatrixSpace(QQ, 10,10, Sparse=True)
Traceback (most recent call last):

v

TypeError: __init__() got an unexpected keyword argument 'Sparse

29 00O

Ob0000Sage0 000000000 0ODOOOOODOODOOOOODO
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291 100000

gbooboobooooboooooobooog

sage: R = PolynomialRing(QQ, 't')
sage: R

Univariate Polynomial Ring in t over Rational Field

gbobooboooobooooooooooobobobobobo@ub)tboboboboboooboon
000 Sage 000000000 t00000000D00000000(#2+1000000)RO00O0O0
oboooobooboooboooooobooog

gobogoboooboooog

sage: S = QQ['t"]
sage: S ==
True

gobob o0 tgbooboobobobobooboon

gbooooboooood

sage: R.<t> = PolynomialRing(QQ)

goog

sage: R.<t> = QQ['t']

gooood

sage: R.<t> = QQ[]

gobogbooaoo

0000000000000000000 t000000000000000000000000000
0OROODOOODO0OODOODOOOOO@OOOOOOMagmad0000000000000000000
0000O0OMagmaO0O0O0O0000Sage 0000000000000 000000000000O00O0
oon)

sage: poly = (t+1) * (t+2); poly
tA2 + 3%t + 2

sage: poly in R

True

gbooobooboooobooboooobobooobO0obOoOobOobOooboobOoboOooog:

sage: R = PolynomialRing(QQ, 't')
sage: t = R.0
sage: t in R

True
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Sage U0 0ODOO0ODOOO0ODOOOOODOOODOOOOODOOODOODOOOODOOOOODi00DOOOO
gobooboooboooboobooboobooboobooboobooobon:

sage: CC

Complex Field with 53 bits of precision
sage: CC.0 # CcCU e OOODO
1.00000000000000* T

oboooobooooboobooooboboooooboooooboOobobooobobooooooboon
goooooooo:

sage: R, t = QQ['t'].objgen()
sage: t =QQ['t"'].gen()
sage: R, t = objgen(QQ['t'])
sage: t = gen(QQ['t'D

0000 Q¢Uoo00oooouoo

sage: R, t = QQ['t"'].objgen()

sage: f = 2%tA7 + 3*tA2 - 15/19

sage: £fA2

4%tAl14 + 12%tA9 - 60/19%tA7 + 9*tr4 - 90/19*tA2 + 225/361

sage: cyclo = R.cyclotomic_polynomial(7); cyclo

tA6 + tAS + tAM + tA3 + A2 + 1+ 1

sage: g = 7 * cyclo * tA5 * (tA5 + 10%t + 2)

sage: ¢

7%tA16 + 7FtALS + 7FtAl4 + 7FtAL3 + 77FtA12 + 91FtAll + 91%tA10 + 84%tA9
+ 84%tA8 + 84*tA7 + 84%tA6 + 14%tAS

sage: F = factor(g); F

(7) * A5 * (EA5 + 10%t + 2) * (t"6 + tAS5 + t24 + t23 + t22 + t + 1)

sage: F.unit(Q)

7

sage: list(F)

[(t, 5), (tA5 + 10*t + 2, 1), (tA6 + tA5 + t2 + tA3 + t22 + t + 1, 1)]

gbooooboooo@)boobouobobooooboboooboobooon

00000000 R.cyclotomic_polynomial 000000000000 OOOOOOOOOOOOOO
O0Sage000OO0O0O0OO0OO0ODOOOODOOODOOOODOODODODDODODOODOODOODOO
Ub0o0o0b0O00O00obO0 R.cyclotomic_polynomial?? 0000000000000 00O0O0OOOO
f = pari.polcyclo(m) D0 00000000 0DOCOO00O0OOO0DO0O0OO0ODOO PARIODOOOOO
oboooobobooobOob0ooboOo PARIOOOOOOOOOOD0O0O

O0000O00000000b0 Sage0ooooonO)oooooooooo

sage: x = QQ['x"'].0
sage: £ = x*3 + 1; g = x*2 - 17
sage: h = f/g; h

(oooooon)
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(Cooooooooo)

(xA3 + 1)/(xr2 - 17)
sage: h.parent()

Fraction Field of Univariate Polynomial Ring in x over Rational Field

Qxl]oOoooOoboooobooboooooboboooobooooo:

sage: R.<x> = LaurentSeriesRing(QQ); R
Laurent Series Ring in x over Rational Field
sage: 1/(1-x) + 0(x*10)

1 + X + xX*2 + X3 + XM + XA5 + X6 + XA7 + x28 + xA9 + 0(x*10)

obooooooooooobobo1oocoooboooooobobooooboOobooon

sage: R.<x> PolynomialRing(QQ)

sage: S.<y> = PolynomialRing(QQ)

sage: x ==y
False

sage: R == S
False

sage: R(y)

X
sage: R(y*2 - 17)
xA2 - 17

gbooooboobooboooobobo xoobooboobobooo1oboobooooboOobooooon
obooooobooooooobono

sage: R = PolynomialRing(QQ, "x")
PolynomialRing(QQ, "x")

sage: T
sage: R ==

True

sage: Ris T
True

sage: R.® ==T.0

True

Sage 00000000000 OOOOODODOOOOOOOOOOOOOOODOO0OONOnd Fy[[T]]
000000000000 DO00000 F,((T)00000D00O0O0

sage: R.<T> = PowerSeriesRing(GF(7)); R

Power Series Ring in T over Finite Field of size 7
sage: £ =T + 3*T*2 + TA3 + 0(T*4)

sage: f*3

TA3 + 2*TA4 + 2*TA5 + 0(T*6)

sage: 1/f

TA-1 + 4 + T + 0(TA2)

(oooooon)
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(Ooooo0ooooo0)

sage: parent(1l/f)
Laurent Series Ring in T over Finite Field of size 7

gboobooboobooooobooooboboooooboobooooon:

sage: GF(7)[['T']]
Power Series Ring in T over Finite Field of size 7

292 00000O0O

gboobooboooboobobooooobooooboooooooboo

sage: R = PolynomialRing(GF(5),3,"z") # 3 =0 00[C
sage: R
Multivariate Polynomial Ring in z®, zl1, z2 over Finite Field of size 5

10000booooobooooobooboooooooooon:

sage: GF(5)['z0, zl, z2']

Multivariate Polynomial Ring in z0®, zl1, z2 over Finite Field of size 5
sage: R.<z0,z1,z2> = GF(5)[]; R

Multivariate Polynomial Ring in z0®, zl, z2 over Finite Field of size 5

ooooooO0o0o1o00oooo0ooooboobooooobooooobooon:

sage: PolynomialRing(GF(5), 3, 'xyz')
Multivariate Polynomial Ring in x, y, z over Finite Field of size 5

gbooobooboooobooboo

sage: z = GF(5)['z0, zl1, z2'].gens()

sage: z

(z0, z1, z2)

sage: (z[0]+z[1]+z[2])~2

z0A2 + 2%z0%z1 + z122 + 2%z0%z2 + 2%z1%z2 + z2/2

gobobooboobooboobooboobobboboobooboon

sage: R = GF(5)['x,y,z"]

sage: x,y,z = R.gens()

sage: QQ['x']

Univariate Polynomial Ring in x over Rational Field
sage: QQ['x,y"'].gensQ)

&, v

@dooooooon)
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(Cooooooooo)

sage: QQ['x"'].objgens()
(Univariate Polynomial Ring in x over Rational Field, (x,))

Sage DO00ODOO0ODOOOOOOOOODOOODOO (distributive representation) J Pyhon DO OO OO OO DO
00000000000 ged000OODOODOODOOOOO0O0O0OO Singular [SijO00OCOOOOO
ooo

sage: R, (x, y) = PolynomialRing(RationalField(), 2, 'xy').objgens()
sage: £ = ("3 + 2%yA2¥x)A2

sage: g = xA2%yAr2

sage: f.gcd(g)

X2

000 f0¢00O0O0O0O0OOOOO (f,g)UOOUOOOOOOOO (£,9p0ROOOOOOOOOOO
(ideal([f,g1) OO 0O ideal(f,gy DO DO ODOOO)HO

sage: I = (f, 9Q*R; I

Ideal (x26 + 4%xA4*yA2 + 4%xA2%yA4, xA2%yA2) of Multivariate Polynomial
Ring in x, y over Rational Field

sage: B = I.groebner_basis(); B

[xA6, xA2%yAr2]

sage: x*2 in I

False

ooooooobooooooboooobobooooobooboobooboooobobobooooDboo
goboobooobooboooboooboooobooobooooooboo(@oooboooboaon
oboooobooboboobOoboooobobooobooooobooboboogon)o

sage: B.parent()

<class 'sage.rings.polynomial.multi_polynomial_sequence.PolynomialSequence_generic'>
sage: B.universe()

Multivariate Polynomial Ring in x, y over Rational Field

sage: B[1] = x

Traceback (most recent call last):

ValueError: object is immutable; please change a copy instead.

@ooDooDbooDbo0oboOO0)OOO0DOO0ODD Sigwlar 000 Sage 0 DOO0DOODOOOODOODOO
o000 0bo00o0ooo0ooooOo0ooooObo0oooDoOn:

sage: I.primary_decomposition()

[Ideal (x*2) of Multivariate Polynomial Ring in x, y over Rational Field,
Ideal (y*2, x46) of Multivariate Polynomial Ring in x, y over Rational Field]
sage: I.associated_primes()

[Ideal (x) of Multivariate Polynomial Ring in x, y over Rational Field,

Ideal (y, x) of Multivariate Polynomial Ring in x, y over Rational Field]
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210 00000DODOODOOOOO

goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa
ooooboobooboboOoboOobodSage0obooboooooooboooobooobooooo
gbooooooooo

gooooooOooooooooboooooboooOooooooooooOooDOooOooobobooOooobooboog
00000000000 Sagethematic tutorial 00O 0O O

2.10.1 O

o000 PpythonOOO0O0OOO0OO0OO0O0O0O0O0O0OO0DOODOOOO0O0XOOOO0OODOOO0O0 __add__0O
_sub__ 0 _mul _0O0000000O0COO0OOO0O0ODOODO @OODOOOO)DODODOOOOO0OODO
gbooooboooboooo

Pythonl (DO DOOD0OOOOOOOO)ODOOOOCOOOODOOOOCOOOOOOODOOOOOOODOO
U0 Python OO ODODOOOODOOOOOOOOOODOODOOOODOOOOOOPYthonOOOOODOOO
<int>00OOODOOODO <fleat>00 000000000 0O0OOOOOOOOODOOOOOOODOOO
gboooobooooboobooooboboooooboooboobobooooboboooobooboon
obooooooboooooobono

ooooooooobo @Woo)yoobooooboooooboooobobooobooobbooboboooooo
gbooooboooobooboooobobooooooboon

oboooooobooooobobooobooboboobooboobooooobooon

sage: P.<x,y> = GF(3)[]
sage: Q.<a,b> = GF(4,'z")[]
sage: type(x)==type(a)

True

oooooooooooooooooboo@EoooooboooooooOobooO00)0DD PythonODOOO
gbooooboooobooboooogn

sage: P.<a> = PolynomialRing(ZZ)

sage: Q.<b> = PolynomialRing(ZZ, sparse=True)

sage: R.<c> = PolynomialRing(ZZ, implementation='NTL')

sage: type(a); type(b); type(c)

<type 'sage.rings.polynomial.polynomial_integer_dense_flint.Polynomial_integer_dense_
—flint'>

<class 'sage.rings.polynomial.polynomial_ring.PolynomialRing_integral_domain_with_
—,category.element_class'>

<type 'sage.rings.polynomial.polynomial_integer_dense_ntl.Polynomial_integer_dense_ntl

>

oboobooobOoobOoobooobOooboooboobooOoboooboog pythonOOOOOOOOOOO
oo00ooboob0ob0bD _add__000000O00O0DOO0OO0ODOOODOODOODOOOOOOODOOO0
gobgoobooobooboobooboobobboobooboobooboboboboboobobooboo
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gboboogbodgboobobooobobooogbooboboooobaoboboboobobobobo
oo0o PpythonODOODOOODOODOUOOODOOOODOODOOODOODOOO

gbooo0oobobobooboboOO(oeercionn 000000 O0DOOOOODOOO

obobooboboooboooboobboobooooboobooboobobo0booobo0oobOd parentQ
gboooooo:

sage: a.parent(); b.parent(); c.parent()
Univariate Polynomial Ring in a over Integer Ring
Sparse Univariate Polynomial Ring in b over Integer Ring

Univariate Polynomial Ring in c over Integer Ring (using NTL)

2102 00OO0OO00OO0OOODOO

Python OO DOOODOOODOODOO0O0DOOODOOODOOODOODSagelOD00OoooooooooOO
O0000D000000000D0Sage00000000D0O0OO00O0OD00ODOOOOODOD (parent structure)
bboobooboboooooobooboooboooooobooobooobooooooooboooooaon
obooooobooooooobooog

sage: isinstance(QQ,Field)
True
sage: isinstance(QQ, Ring)
True
sage: isinstance(ZZ,Field)
False
sage: isinstance(ZZ, Ring)

True

000000000 DO0O00O000O00ODO0b0O0Ob00DODOOcategoryy DD ODODOOODOOODOOO
O0Sage000000O0O0OO0OO0ODOO0ODOO0ODOOODOOODOODOODOODOODOOPythonO OO
0oodoOobOd0ooOooobo0ooDobDOooo0ooOobOO0o0ooDO0ooDoboooDOoDOOoooOooOooDooo
OSage00O0O0OOOOO:

sage: Rings(Q)

Category of rings

sage: ZZ.category(Q)

Join of Category of euclidean domains
and Category of infinite enumerated sets
and Category of metric spaces

sage: ZZ.category().is_subcategory(Rings())

True

sage: ZZ in Rings(Q)

True

sage: ZZ in Fields(Q)

False

(booooooo)
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sage: QQ in Fields(Q)
True

Sage 00 DOD0OOOO0OO000DODOODOOOO0O0DODDOODOOOSaged00O0DDOODOOOOOOO
booooboooobooboooobobooooobooooobooboooobobooooooboon
oboobooooooboo

Sagee DO O00OO0ODOODOODPythonO0O0O00OO0O0OO0OOO0OOO0O0ODOOODOOODOODOODDOOO
gboooooboboooboobooooboboooobobooobooboooobOoboobooooona:

sage: RR['x','y'] is RR['x',"y"']
True

2103 00000D0OO0O

RingElement U0 0000000000 0OOO0O0O0OO0OOCODOOOOOOOODOOOOOOOOOOO
0bOo0o0ob0b00o0ob00bob000b0b0o00d RingElement OO0 O0O00OOD0OOOOODO:

sage: M = Matrix(ZZ,2,2); M

[0 0]

[0 0]

sage: isinstance(M, RingElement)
False

obooobbOOoooobooboooobon Sage00000OoooOoooOOoooOoOOOOODOOOn
ooooooboooooD pythonO0 (DOOOODODOOH)ODODOODODOOODODOO

sage: int(1) is int(1l) # Python[ int [
True

sage: int(-15) is int(-15)

False

sage: 1 is 1 # Sage OO
False

gbboobooobooooboobooboouoooooobooobooooobooboobooOoboooOon:

sage: a = GF(2)(1)

sage: b = GF(5) (1)
sage: type(a) is type(b)
True

sage: parent(a)
Finite Field of size 2
sage: parent(b)
Finite Field of size 5

goboboobooboobuoobuoob obooboobooboobobboboobon

210. 000O000O0OO0O0O0O0OOOO 43




Sage 0O UJO0O0O0O,0000 94

2104 00OO0ODOO

gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon
gbooooboboooooboooobobooooobOobooooobon bo0 (coercion) OO O

oo00ooobobocOoboOoboog Oooo (typeconversion) O OO0 (typecoercion) D00 O0O0O0O0O0O0OO
O00OSage 00 D00 O 0O0OO0OUO0ODOO0ODOODOODOODOSagebODoDOooboboonooOonO
O0000O00000O000DbcCcOb0b00O Sage0000DOOOODOOOODOOOODOOOODO

oboooooboooboboooboooboooboobooobooobooooogon SageOOOooooOoOonO
Uo00oO0O0oOoDOoO0O0Od thematictutoriaAl DO O OODOODO

oo oboooooboooobooboooooboooobooboooooona:

 JObgboobobobobobuobuooboboboboboboboboobooboboboan
ooooooobooboiooboooobo 1»20b00b00oob0 1 + 12000000000
goo

googobooaoo

«JRIOOri0O000000ROOOOOCOOOOOO0ri0ORZOODOCOOCOO0OO0ODOODOO
gboooOobooooboboooobooooooboooobobooonog

gobogbooaobooaod

Sage 00 O0D0ODDODODOOOOPIOP2OO0O0OODDOODOp1OPIO0OODDOOODOPIOP200O0O
gbooooboooobooboooobobooooobooooobooboooobOoobooooooboon
gbgboooodgbri0obuoobogbobobobobooboobaoboboboboooooaoa
oooooobooboboobD0obOoooobUobobo0obDOobo0o0onboO OO (conversion) DOOOODOODO:

sage: a = GF(2) (1)
sage: b = GF(5)(1)
sage: GF(5)(a) ==
True

sage: GF(2)(b) == a
True

oooob oo @Eoo)obobobobOobo bbb bbb obobooobooooboooooo
gboooobooobooboboooooboooooboaon

0o0ooO0ooboobooono ceercion) U0 O00OO0O0OO0OO0OO0O0OO0OOOOOOOODOOOOODOOO
goboboooboooboobuoobooboboboooobooboon:

l.P1O0OP20000000000C0O@OUOOODOODOOO)OO0OOOOODOOOOODOOPIO
oboop2000000000C0CO0O00DOO0O0CODOOPIO0O00O0O0O0OODOOOCOOODOO

2. 0000b0o0bocOoboooobooooboOop3bbOoobDOoboOoOobDOoOoOoOoPIOOP2O
goboop200 p30000O000OOCOOOCOPIOOPIOOOOOOOODOOOOOOOOOO
gbOpid0pP200pP200pP1O00000O00O0O0O0O0O0OCOO20000000000®P1I0OO
gbooaobooaooobooon

gbobooboceF0O0booberG) OOb0obouobooboooboboboobobboOobOGF2)
oGeGrG)Y0ooboooobooboobooboooonoa
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gbooodo ---gubg ---0oboboboobouobobobooooboboboboobobooa
gobooboooboobooboobooboooobooboobooboobooboobon:

sage: Rl.<x,y> = ZZ[]

sage: R2 = ZZ['y','x']

sage: R2.has_coerce_map_from(R1)
True

sage: R2(x)

X

sage: R2(y)

y

oboooobooooboobooooboboooooboooooboOobobooobobooooooboon
goooogoobooooobooboooobooooboboooooboboboobobooon:

sage: R3 = ZZ['z","'x"']

sage: R3.has_coerce_map_from(R1)
False

sage: R3(x)

z

sage: R3(y)

X

gdoomoooooooooobbooooooooooboboobooooooozzi'x','y'100 2Z210y ',
'x']0000000000 zz['y','x'100 ZZ['a'",'p']00000000O0O0O0OOO00O0OO00O0O0O0
oboobooboobooobooboooooboboooobooboooooobon

gbooooboooboobobooooboboooooboooboobooboooobobooooboooboon
bboooboobobooooooboooboobou ==g0b0oobobooboo0oobooobbooobooboan
obb0db0==0000000000000000000O0000O0 OO0 O0DOOOOOO0OO0O0OOn
oboboooobooooboob zzoo1ooooooooooboooboob100oooobob0oboboo
gbooooboooboobobooooboboooooboooboobooboooobobooooboooboon
gbooooboooboobooboooobooooboooon:

sage: GF(5) (1) ==

True

sage: 1 == GF(2)(D)

True

sage: GF(5)(1) == GF(2)(D)
False

sage: GF(5)(1) != GF(2)(1)
True

googno

sage: R3(R1.1) == R3.1

True

(@ooooooon)
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sage: R1.1 == R3.1
False
sage: R1.1 !=R3.1
True

obooooobooobooooooboooooooob @WboobooOoooooobobo(@oboooon
ooooRrR)0D0O000000D00O0DO0OOO0O0OO0O0O0O0ODO0O0ODO0OQQOD RROODODOOORROO
QUibOOobOOobobb uboobooboboooboobobobooboOoboooobOobooooono
gbooooboOobooooRrRROOOOOODOOOOODOODOOOO:

sage: RR(1/104200+1/104100) == RR(1/104100)
True

sage: 1/102200+1/104100 == 1/104100

False

obobobobobopmi0P20D00D00ODODODODODODODODODODODODODO P3
gboooorpi0OpP20pP300000000O0DO0DOOOOOOODOODOOOOOOODOODODOO
gboooobooboobobooooboobooboOobooooobooooobooboooonoog

sage: Pl.<x> = ZZ[]

sage: p = 2%x+3

sage: q = 1/2

sage: parent(p)

Univariate Polynomial Ring in x over Integer Ring
sage: parent(p+q)

Univariate Polynomial Ring in x over Rational Field

ooooooooobo zzi'x']0000000000DO0O00O0ODOOSage000ogbooo oo o
gboooobooooboboobo @oob l'x'hobooooboooobobooobooboon
oboboooobooOSaged0onoobOobOobOOobOOoOO0OOoOoOOOO OO0 ODOODObOObOOOn
00000O0bOO000000b0000000 thematictutorial 0O OO0O0O0O

gobobooboobooboobooboobooboooon:

sage: R.<x>

QQf]

sage: S.<y> = QQ[]

sage: Xx+y

Traceback (most recent call last):

TypeError: unsupported operand parent(s) for +: 'Univariate Polynomial Ring in x over.

—Rational Field' and 'Univariate Polynomial Ring in y over Rational Field'

U0bOO000DO0Sage00O0O0OO0D0O0OOQQL'x"I'y']1DOQQ'y'I['x']JOQQL'x","'y']ODOOO QQL'y",
'x']d0000ooOoobooboooooobooboboooobo40b000b000b00O0bOO0OObOOobOonoO
gboooooboooooboobooooboboooogooboo
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211 000O00DOODOO

Sage 00 0OUOO0O0OOOOOODO@TIOO SU(n,g)OOOODO (OOOOOODOOOO)IOOODOOOO
o@obooboOo)obooooooboobobooboobooboooGAaAPOIDODODOODOODOOO
gbooooood

obooooobooooooboooobobooooobooooobooboboooboobooooooboon
ooo

sage: G = PermutationGroup(['(1,2,3)(4,5)"', '(3,4)'D
sage: G
Permutation Group with generators [(3,4), (1,2,3)(4,5)]
sage: G.order()
120
sage: G.is_abelian()
False
sage: G.derived_series() #O0OOOOOOO
[Subgroup generated by [(3,4), (1,2,3)(4,5)] of (Permutation Group with generators.
~[G3,4, (1,2,3)4,5D,
Subgroup generated by [...] of (Permutation Group with generators [(3,4), (1,2,3)(4,
~5)1)]
sage: G.center()
Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,
=5
sage: G.random_element () # random OO0 O 0000
(1,5,3)2,4)
sage: print(latex(G))
\langle (3,4), (1,2,3)(4,5) \rangle

Sage OO OO (LaTeX O OO)OODOOOOOOOOOO:

sage: G = PermutationGroup([[(1,2),(3,4)], [(1,2,3)]1D
sage: latex(G.character_table())
\left(\begin{array}{rrrr}

1&1&1&1\\

1 & -\zeta_{3} - 1 & \zeta_{3} & 1 \\

1 & \zeta_{3} & -\zeta_{3} - 1 & 1 \\

3&0&0¢&-1

\end{array}\right)

SageU0OOOOOO0OO0OO0ODOODOOOOODOOOOODO:

sage: MS = MatrixSpace(GF(7), 2)

sage: gens = [MS([[1,0]1,[-1,111),MSC[[1,1],[0,111)]
sage: G = MatrixGroup(gens)

sage: G.conjugacy_classes_representatives()

(

(oooooon)
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(Cooooooooo)

[1 0] [06] [04] [60] [06] [04] [0 6] [0 6] [0 6] [40]
(0 11, [1 51, [5 51, [6 61, [1 2], [5 2], [1 0], [1 4], [1 3], [0 2],

[5 0]
[0 3]
)
sage: G = Sp(4,GF(7))

sage: G

Symplectic Group of degree 4 over Finite Field of size 7

sage: G.random_element() # random OO0 O000O0O0O0O0O
[555 1]

[0 2 6 3]

[50 10]

[4 6 3 4]

sage: G.order()

276595200

{@gooobooboobo)bobooooobooooooDo:

sage: F = AbelianGroup(5, [5,5,7,8,9], names='abcde')
sage: (a, b, ¢, d, e) = F.gens(Q

sage: d * b¥**2 * c**3

bA2*cA3*d

sage: F = AbelianGroup(3,[2]%3); F

Multiplicative Abelian group isomorphic to C2 x C2 x C2
sage: H = AbelianGroup([2,3], names="xy"); H
Multiplicative Abelian group isomorphic to C2 x C3
sage: AbelianGroup(5)

Multiplicative Abelian group isomorphic to Z x Z x Z x Z X Z
sage: AbelianGroup(5).order()

+Infinity

212 00O

Sage 000000000 DOOOOOODOOUOOUDOOOUDOOODOO Z/NZOOOODOOOOOODOO
ooo:

sage: R = IntegerModRing(97)
sage: a = R(2) / R(3)

sage: a

33

sage: a.rational_reconstruction()
2/3

(Doooooon)
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(Ooooo0ooooo0)

sage: b = R(47)
sage: br20052005

50

sage: b.modulus()
97

sage: b.is_square()
True

Sage U0 OOO0O0ODOO0OOODOOOOOOODOOOOOOODOO

sage: gcd(515,2005)

5
sage: factor(2005)
5 * 401

sage: c¢ = factorial(25); c
15511210043330985984000000

sage: [valuation(c,p) for p in prime_range(2,23)]
[22, 10, 6, 3, 2, 1, 1, 1]

sage: next_prime(2005)

2011

sage: previous_prime(2005)

2003

sage: divisors(28); sum(divisors(28)); 2%28
[1, 2, 4, 7, 14, 28]

56

56

gboobooboooooboo

Sage 0 sigma(n, k) OO0O0O nO00 £AO0OO0DOOOOO:

sage: sigma(28,0); sigma(28,1); sigma(28,2)
6

56

1050

oooooooooooooooo0ooooboboU ¢-0DbOOO0O0ODOOOOODOODOOODO:

sage: d,u,v = xgcd(12,15)
sage: d == u*12 + v*15
True

sage: n = 2005

sage: inverse_mod(3,n)
1337

sage: 3 * 1337

4011

(Doooooon)
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sage: prime_divisors(n)
[5, 401]

sage:
1600
sage:
1600
sage:
401

phi = n*prod([1 - 1/p for p in prime_divisors(n)]); phi

euler_phi(n)

prime_to_m_part(n, 5)

b0 3n+10000000000000

n = 2005

sage: for i in range(1000):

* odd_part(n) + 1
if odd_part(n) == 1:

sage:
..... n=3

print (i)
break

gobobooboobooboobon

sage: x = crt(2, 1, 3, 5); x

11

sage: x %3 # xmod 3 =2

2

sage: x %5 # xmod 5 =1

1

sage: [binomial(13,m) for m in range(14)]
[1, 13, 78, 286, 715, 1287, 1716, 1716, 1287, 715, 286, 78, 13, 1]
sage: [binomial(13,m)%2 for m in range(14)]
[, 1, 0, 0, 1, 1, 6, 0, 1, 1, 0, 0, 1, 1]
sage: [kronecker(m,13) for m in range(1,13)]
r, -1, 1,1, -1, -1, -1, -1, 1, 1, -1, 1]

sage: n = 10000; sum([moebius(m) for m in range(1l,n)])
-23
sage: Partitions(4).list()

(c41, 3, 11, fz, 21, 2, 1, 11, [1, 1, 1, 1]]

50
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2121 p-00

Sage 00 p-000000000DO0OO0ODOOOOOODOOOO p-OD0O00DOOOODOODOOOO
gbooooboobooboboooobooon

sage: K = Qp(11); K

11-adic Field with capped relative precision 20

sage: a = K(211/17); a

4 + 4%11 + 1142 + 7*1123 + 9*11A5 + 5%1146 + 4*11A7 + 8*11A8 + 7%114A9
+ 9%11410 + 3*11411 + 10*11412 + 11213 + 5*%11A14 + 6*11+15 + 2*11~16
+ 3%11417 + 11718 + 7*%11219 + 0(11420)

sage: b = K(3211/11%2); b

10%114-2 + 5%114-1 + 4 + 2*11 + 0(11~18)

p-0000000 QRUUDOUODOO0OOO0OOODOO0ODOO00OO0OO0UOOO0OOODOOODOOODOO0OOn
0000 GoogleDO OO sage-support 00O OOOODOOOOODOODOO

NumberFieldOOOODOOOOOOOOOOOOOOOOOOOOOOO

sage: R.<x> = PolynomialRing(QQ)

sage: K = NumberField(x*3 + x%2 - 2*x + 8, 'a')
sage: K.integral_basis()

[1, 1/2%a*2 + 1/2%a, a*2]

sage: K.galois_group()
Galois group 3T2 (S3) with order 6 of x23 + xA2 - 2*%x + 8

sage: K.polynomial_quotient_ring()

Univariate Quotient Polynomial Ring in a over Rational Field with modulus
XA3 + xA2 - 2%x + 8

sage: K.units(Q)

(3*a*r2 + 13*a + 13,)

sage: K.discriminant()

-503

sage: K.class_group()

Class group of order 1 of Number Field in a with
defining polynomial xA3 + xA2 - 2%x + 8

sage: K.class_number()

1
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213 0000000

2131 0000

Sage DO OODOOOODODOOODOOOOOOODOOODOOODOOODOOQUODDOODODOO
obobooooooooboooooboobo200b0bobooobooooboobogobDobDobOobDob oo
gbooooboooooo

sage: x, y = AffineSpace(2, QQ, 'xy').gens()

sage: C2 = Curve(x*2 + y*2 - 1)

sage: C3 = Curve(x*3 + y*3 - 1)

sage: D = C2 + C3

sage: D

Affine Plane Curve over Rational Field defined by
XAS5 + XA3FyA2 + xA2%yA3 4+ yAS - xXA3 - yA3 - xA2 - yrA2 + 1

sage: D.irreducible_components()

[

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
XA2 + yr2 - 1,

Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
xA3 + yA3 -1

gboo2000000b0oooobooooooobooooobobooogooboobooooboo

sage: V = C2.intersection(C3)
sage: V.irreducible_components()
[
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
Y,
x -1,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
y - 1,
X,
Closed subscheme of Affine Space of dimension 2 over Rational Field defined by:
X +y+ 2,
2%yA2 + 4%y + 3

oo00o0oOooo (L,0)000 (0,)0ooo00oU0Uo00ooO000o0DU0DUoO0ooOO00oDUOUOOOyOoOoOOo
2% +4y+3=000000 200)000000000000

Sage U0 O300000000000030000000000000000O0O0DO0O0OOODOAO:

sage: R.<a,b,c,d> = PolynomialRing(QQ, 4)
sage: I = ideal(b”*2-a*c, c*2-b*d, a*d-b*c)
sage: F = I.groebner_fan(); F

(oooooon)
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Groebner fan of the ideal:

Ideal (b*2 - a*c, c*2 - b*d, -b*c + a*d) of Multivariate Polynomial Ring

in a, b, ¢, d over Rational Field

sage: F.reduced_groebner_bases ()

[[-c*2 + b*d, -b*c + a*d, -br2 + a*c],
[-b*c + a*d, -c*2 + b*d, b*2 - a*c],
[-c*3 + a*d*2, -c*2 + b*d, b*c - a*d, b*2 - a*c],
[-cA*2 + b*d, br*2 - a*c, b*c - a*d, c*3 - a*d+2],
[-b¥*c + a*d, -b*2 + a*c, c*2 - b*d],
[-bA3 + a*2*d, -b*2 + a*c, c*2 - b*d, b*c - a*d],
[-b*2 + a*c, c*2 - b*d, b*c - a*d, bA3 - a*r2*d],
[c*2 - b*d, b*c - a*d, b*2 - a*c]]

sage: F.polyhedralfan()

Polyhedral fan in 4 dimensions of dimension 4

213.2 0000

Sage 00 O00ODOOOOOPARIODOODOOOCOODOOOOODOODOODOOCremonad00OOOOO
0000000000000 oOoo0oo@Uuboo0oodDO00ooU0ooDO0oooooooOooOoH)oo
O 00Second-descent 00000000000 Mordell-Weil OO OO0 mwrank 0000000 OOSEA
00o00d0o00ooDo0oD0ooooDodooooooDQuUooooooooooooooooooo
OO00ODenisSimon 00000000000 OODOOODOOODOOODOOO

goboboooboO0bOn0 EllipticCurve DO OD0DO0OD0O0DOOODO:

* EllipticCurve([a1, as, as, aq, ag ]): OO OO

y2 +a1xy + a3y = :c3 + a2z2 + aqx + ag,

obooooobdob e, 0 0000000000000 0DO000000D00 ;000000
ZO00O0O0OUOO ;0D QOODOOODOOD

EllipticCurve([aq, ag 1): a1 = a2 =a3=000000000000

EllipticCurve(U O 0O ): Cremona ] (DO 0)OO00OO0O0OO0OO0OOOCremonal 0 0OOOOOOOO
doooooooooooooono "11a"0 "37p2"0000000O00@0OOOOOO0000ad
ooo00)yooooooooooooo

EllipticCurve(j): 7 -0 00 0000000000000

EllipticCurve(R,[a1, a2, a3, as, a6 |): 00000000 ;000000 ROODOODOOOOOOOO

gboooobooobooboboooboobooo:

sage: EllipticCurve([0,0,1,-1,0])
Elliptic Curve defined by y*2 + y = xA3 - x over Rational Field

(ooooooo)
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sage: EllipticCurve([GF(5)(0),0,1,-1,0]1)
Elliptic Curve defined by y22 + y = xA3 + 4*x over Finite Field of size 5

sage: EllipticCurve([1,2])
Elliptic Curve defined by y*2 = x*3 + x + 2 over Rational Field

sage: EllipticCurve('37a')
Elliptic Curve defined by y*2 + y = x*3 - x over Rational Field

sage: EllipticCurve_from_j(1)
Elliptic Curve defined by yA2 + x*y = xA3 + 36%x + 3455 over Rational Field

sage: EllipticCurve(GF(5), [0,0,1,-1,0])
Elliptic Curve defined by y*2 + y = xA3 + 4*x over Finite Field of size 5

00,0000 ¢y’ +y=2>-20000000000 FOODOODOSage00000000000O0O0ODO
EC[0,0H 00000O0Saged 00 0O0O00DOO0O0DOOODOOODOOODOOODOOODOO@OOOOOO
gbooooobooooobo3gbooooooboobooooboobooooDoon):

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E

Elliptic Curve defined by y*2 + y = xA3 - x over Rational Field
sage: P = E([0,0])

sage: P + P

(1:0: 1D

sage: 10*P

(161/16 : -2065/64 : 1)

sage: 20*P

(683916417/264517696 : -18784454671297/4302115807744 : 1)
sage: E.conductor()

37

ooboobOobobobob j-bo0bOob0bOobobOobbSagedd y-0Ob0OODOODOODOO
oo:

sage: E = EllipticCurve([0,0,0,-4,2]1); E

Elliptic Curve defined by y*2 = x23 - 4*x + 2 over Rational Field
sage: E.conductor()

2368

sage: E.j_invariant()

110592/37

rFOO0;-00000000000D0O000DO00DOO0 EFODOOOODOODOOOODOODOODO
O000000 (conductor) DO O DOODOOODOODOOOO
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sage: F = EllipticCurve_from_j(110592/37)
sage: F.conductor()
37

o000 FO200000000 awisp OOODOOODODDO

sage: G = F.quadratic_twist(2); G

Elliptic Curve defined by y*2 = x23 - 4*x + 2 over Rational Field
sage: G.conductor()

2368

sage: G.j_invariant()

110592/37

000000000 L-00000000000000 Y2 ,a,¢"000 e, 000000000000
000 PARIO C-O0O0O0O0O0ODOOOOODO:

sage: E = EllipticCurve([0,0,1,-1,0])

sage: E.anlist(30)

[e, 1, -2, -3, 2, -2, 6, -1, 0, 6, 4, -5, -6, -2, 2, 6, -4, 0, -12, 0, -4,
3, 10, 2, ®, -1, 4, -9, -2, 6, -12]

sage: v = E.anlist(10000)

e, 0n<10°00000000000010000000000:

sage: %time v = E.anlist(100000)
CPU times: user 0.98 s, sys: 0.06 s, total: 1.04 s
Wall time: 1.06

ob0ooboboobo Cemona0 000000000 OOOOCODOOODOOOOODOOOODOOODOOO
00000o0D0oo0boonDOobO egulator) OO0 ODOO0OOODOOOODOO:

sage: E = EllipticCurve("37b2")

sage: E

Elliptic Curve defined by y*2 + y = xA3 + xA2 - 1873*x - 31833 over Rational
Field

sage: E = EllipticCurve('"389a")

sage: E

Elliptic Curve defined by y*2 + y = x*3 + xA2 - 2%x over Rational Field
sage: E.rank()

2

sage: E = EllipticCurve("5077a")

sage: E.rank()

3

Cremona00000000O0O0O0COOO0OOOOODOOO
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sage: db = sage.databases.cremona.CremonaDatabase()
sage: db.curves(37)
{'al': [[®, 0, 1, -1, 0], 1, 1], 'b1': [[®, 1, 1, -23, -50], O, 3]}
sage: db.allcurves(37)
{'al': [[0, O, 1, -1, 0], 1, 1],
'b1': [[06, 1, 1, -23, -50], O, 31,
'b2': [[®, 1, 1, -1873, -31833], 0, 1],
'b3': [[®, 1, 1, -3, 1], O, 3]}

ob0boooboOoboooobOoobooO0ooooboOoon Ellipticcurve DO 0O0OOO0OO0OOODOOOO
obboooooooooboooooboooobooboobo0obDooDO00bO00DbOog Saged O
O00oO0oDoO0o0obo0oOo <1000 0obDoO0o0ooooDbO0O0Ceemonald 00 0OO00O0ODODODOOO
boboobobobobobobobOobobOobobOobobOobob 120000000000000
ooooboooogob ooso 10000)oboobobSaged 0000000 OOOO0OOODOOO 2GB)O
O0Stein-Watkins 0 0000000000000 0OO0O0ODO0O0OOODO0OOOOOO

2133 0000000

00000000000 ROOOOODO000 (Z/NZ)* — R*00 ged(N,z)>10000 20 000
000000000 Z—»ROOOOOO0O0DO000

sage: G = DirichletGroup(12)
sage: G.listQ)

[Dirichlet character modulo 12 of conductor 1 mapping 7 |--> 1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 4 mapping 7 |--> -1, 5 |[--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 [--> 1, 5 |--> -1,
Dirichlet character modulo 12 of conductor 12 mapping 7 |--> -1, 5 [--> -1]

sage: G.gens()

(Dirichlet character modulo 12 of conductor 4 mapping 7 |[--> -1, 5 |--> 1,
Dirichlet character modulo 12 of conductor 3 mapping 7 |[--> 1, 5 |--> -1)
sage: len(G)

4

gbooooboobooboboooobooooboooooobooog

sage: G = DirichletGroup(21)

sage: chi = G.1; chi

Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> zetab
sage: chi.values()

[®, 1, zetab - 1, O, -zetab, -zetab + 1, O, 0, 1, O, zetab, -zeta6, 0, -1,
0, 0, zetab - 1, zetab, 0, -zetab + 1, -1]

sage: chi.conductor()

7

sage: chi.modulus()

21

(oooooon)
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(Cooooooooo)

sage: chi.order()
6

sage: chi(19)
-zetab + 1

sage: chi(40)
-zetab + 1

000000000000 Ga(Q(¢w)/Q) 000000000000 0UDNO (modulus)yOOOOOODO
obooooobooooooobooog

sage: chi.galois_orbit()
[Dirichlet character modulo 21 of conductor 7 mapping 8 |--> 1, 10 |--> -zetab + 1,
Dirichlet character modulo 21 of conductor 7 mapping 8 |[--> 1, 10 |[--> zeta6]

sage: go = G.galois_orbits()
sage: [len(orbit) for orbit in go]
[1! 2! 2! 11 1! 2! 21 1]

sage: G.decomposition()
[
Group of Dirichlet characters modulo 3 with values in Cyclotomic Field of order 6 and.
—.degree 2,
Group of Dirichlet characters modulo 7 with values in Cyclotomic Field of order 6 and.
—.degree 2

]

O00Omod200 00000 Q) UO0O000D0O0O0O0OOOO0OODOOOOO:

sage: K.<i> = NumberField(x"2+1)

sage: G = DirichletGroup(20,K)

sage: G

Group of Dirichlet characters modulo 20 with values in Number Field in i with.

—.defining polynomial x42 + 1

ubobdgecuboobooobooobgoobgan:

sage: G.gens()
(Dirichlet character modulo 20 of conductor 4 mapping 11 |--> -1, 17 |[--> 1,

Dirichlet character modulo 20 of conductor 5 mapping 11 [--> 1, 17 |--> i)

sage: G.unit_gens(Q)
(11, 17)

sage: G.zeta(Q)

i

sage: G.zeta_order()
4
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oboo0oooboobobooob0oboboboobOob0o1loo0oo0ob0obO0 pirichletGroupd 300
gobooboooboooboooboon

sage: x = polygen(QQ, 'x')
sage: K = NumberField(x*4 + 1, 'a'); a = K.0

sage: b = K.gen(); a ==b

True

sage: K

Number Field in a with defining polynomial x44 + 1

sage: G = DirichletGroup(5, K, a); G

Group of Dirichlet characters modulo 5 with values in the group of order 8 generated.
—by a in Number Field in a with defining polynomial x%4 + 1

sage: chi = G.0; chi

Dirichlet character modulo 5 of conductor 5 mapping 2 |--> a*2

sage: [(chi*i)(2) for i in range(4)]

[1, a*2, -1, -ar2]

U000 NumberField(x*4 + 1, 'a" ) UU00O0O0O0ODOOSage000 ¢« 0000 KODOO (cO0D0ODOO
0000000 24+ 1)00000000000000000000 «00D0000000D0000 a =
K.0(a =K.genQODODODOOD)OOOODODODOO0O «00002*+100000000000

2134 00000O0OO

Sage 0000000 DDOO0OO0DODOOOO0DODOOOODODOOOHeckeDDOODOOODOODOOOO
gboooobobooooobobooobooboooconoa

gobogbooboobooboobobobobbooboobooboobon

sage: dimension_cusp_forms(Gamma®(11),2)
1

sage: dimension_cusp_forms(Gamma®(1),12)
1

sage: dimension_cusp_forms(Gammal(389),2)
6112

oboob0O0100000 12000000000000000 HeckeOOOOODOODOODOO

sage: M = ModularSymbols(1,12)

sage: M.basis()

([X~8%YA2,(0,0)], [XA9*Y,(0,0)], [X*10,(0,01)

sage: t2 = M.T(2)

sage: t2

Hecke operator T_2 on Modular Symbols space of dimension 3 for Gamma_0(1)
of weight 12 with sign ® over Rational Field

sage: t2.matrix()

[ -24 0 0]

(booooooo)
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[ 0 -24 0]

[4860 0 2049]

sage: f = t2.charpoly('x'); £

XA3 - 2001%xA2 - 97776*x - 1180224
sage: factor(f)

(x - 2049) * (x + 24)+2

sage: M.T(11).charpoly('x").factor()
(x - 285311670612) * (x - 534612)42

To(N)O I'(N)ODDODD0D0O0000000000

sage: ModularSymbols(11,2)

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: ModularSymbols(Gammal(11),2)

Modular Symbols space of dimension 11 for Gamma_1(11) of weight 2 with

sign 0 over Rational Field

goboabooe-oubuobabobd

sage: M = ModularSymbols(Gammal(11),2)
sage: M.T(2).charpoly('x")
xA11 - 8*xA10 + 20%xA9 + 10*xA8 - 145%xA7 + 229*%x26 + 58%xA5 - 360*x/4
+ 70%xA3 - 515%xA2 + 1804%x - 1452
sage: M.T(2).charpoly('x').factor()
(x - 3) * (x 4+ 2)22 * (xM - 7%x73 + 19%x22 - 23*x + 11)
* o (xM - 2%XA3 + 4¥xA2 + 2%x + 11)
sage: S = M.cuspidal_submodule()
sage: S.T(2).matrix()
[-2 0]
[ 0 -2]
sage: S.qg_expansion_basis(10)
[
q - 2%¥q*2 - g*3 + 2¥%q*4 + g*5 + 2%q*6 - 2%QA7 - 2¥q*9 + 0(qr10)

gbooboobooobooboboooobooboooobooooobooboo

sage: G = DirichletGroup(13)
sage: e = G.0A2

sage: M = ModularSymbols(e,2); M

Modular Symbols space of dimension 4 and level 13, weight 2, character
[zeta6], sign 0, over Cyclotomic Field of order 6 and degree 2

sage: M.T(2).charpoly('x"').factor()

(x - zetab - 2) * (x - 2%zetab - 1) * (X + zetab + 1)72

(boooooon)
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(Cooooooooo)

sage: S = M.cuspidal_submodule(); S

Modular Symbols subspace of dimension 2 of Modular Symbols space of

dimension 4 and level 13, weight 2, character [zeta6], sign 0, over

Cyclotomic Field of order 6 and degree 2

sage: S.T(2).charpoly('x").factor()

(x + zetab + 1)42

sage: S.qg_expansion_basis(10)

[

q + (-zetab - 1)*q*2 + (2%zetab - 2)*q”*3 + zetab*q*4 + (-2%zetab + 1)*q*5
+ (-2*zetab + 4)*q"6 + (2*zetab - 1)*q*8 - zeta6*q*9 + 0(q*10)

Ub0o00bOo0oooooboobO0b00O0b0bo0b0OO0b00 HeckeOOOOOOOOSageOOoooanQo
ooooooooo

sage: T = ModularForms(Gamma®(11),2)

sage: T

Modular Forms space of dimension 2 for Congruence Subgroup Gamma®(ll) of
weight 2 over Rational Field

sage: T.degree()

2

sage: T.level()

11

sage: T.group()

Congruence Subgroup Gamma®(11)

sage: T.dimension()

2

sage: T.cuspidal_subspace()

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2 for
Congruence Subgroup Gamma®(1l1l) of weight 2 over Rational Field

sage: T.eisenstein_subspace()

Eisenstein subspace of dimension 1 of Modular Forms space of dimension 2
for Congruence Subgroup Gamma®(11) of weight 2 over Rational Field

sage: M = ModularSymbols(11); M

Modular Symbols space of dimension 3 for Gamma_0(11) of weight 2 with sign
0 over Rational Field

sage: M.weight(Q)

2

sage: M.basis()

(1,0, (1,8, (1,9))

sage: M.signQ)

0

T,0000 HeckeOODO (pO0O0)0000OHeckeOOO 720 730 75 0000000000000O0O
obooooooobooooooDo
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sage: M.T(2) .matrix()
[ 3 0 -1]
[ 0 -2 0]
[0 0 -2]
sage: M.T(3) .matrix()
[ 4 0 -1]
[ 0 -1 0]
[0 0 -1]
sage: M.T(5) .matrix()
[ 6 0 -1]
[0 1 0]
[0 0 1]

213. 0000000
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030 Oooood

00o000O0b0O0O0b00bO0b0b0d sage 0000000 SageOOOOOOOOOOOOODOOO
Uo00o00obooboboOon sage0d0n0 IPythonO O OO O ODOO0OO0DODOOODOODOOODOOODOOOO
0000000000000 00000D $SAGE_ROOT/ipythonrc OO0 O0DO0OOOOO0DODODOOO
ob0oo0o0OobOob0oboobO0bOSage000OO0oO0OoOoO0obOOoOoOoOobOOoOoOoOoOO:

sage:

Sage 0O OO0O0D0OCul-DOOODODDODO0OO0 quitOO0OD0 exitODODODOOO

sage: quit
Exiting Sage (CPU time Om0®.00s, Wall time Om®.89s)

"Walltime"O OCPUDDOOODOOOOO0OO0OOOO0DODOOOOODOOCPUODODD GAPO Singular OO
obooooboooobooboooobobooooobooooobooboooobooboooooobon

OO00D0000kill -900000 SageJ 00D O00O0OO0O0DODOOOOOOODDODOKI11 -900 Maple
000000000000 00000D0 $HOME/ .sage/tmp 00000000000 OO0DOOODDOO
gooooono)

3.1 Sage O OO0

00000 O00D0Sage 00000000 0DOOOCOOOODODOOOODODOOOOODDODOOSagedd
Sage 00 O0ODOOOOOIPythonOOODODOODOO0ODOOODO@OODOOOODOOOO)YDOOODO
0000 Sage 0000000 DOO0OO00O0OODODO %history (D OO %hist)000000O0O0OOOO
000000000 0DOO0OOOIPythonDO0DOO0ODOOODOODODOODOSageO00DOOO?0000000O
"IPython offers numbered prompts ... with input and output caching. All input is saved and can be retrieved as
variables (besides the usual arrow key recall). The following GLOBAL variables always exist (so don't overwrite
them)' 00000000000 O0ODOOOOODO:
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obooobOobooono (cooooboboooobooboooooboooo)
. 0Dooboooboooob @mooobooooooo)
_oh : OJOOO0O00O0O0O0O00 MOOOOO0OO0OO0O000)

gboooooooon:

sage: factor(100)

_1 = 242 * 542

sage: kronecker_symbol(3,5)
2 =-1

sage: ¥hist # 00000000 DOO0DOODOOODOOODOOOOOOOOOO
1: factor(100)

2: kronecker_symbol(3,5)

3: %hist

sage: _oh

_4 = {1: 242 * 542, 2: -1}
sage: _il

5 = "factor(ZZ(100))\n'
sage: eval(_il)

_6 = 242 * 5A2

sage: %hist

: factor(100)

: kronecker_symbol(3,5)

: %hist

_oh

»o_il

:eval(_il)

: %hist

N O v w N e

ob0o0ooobob0oboobOobOooog SageO0O0O0O0oOOobOOoO0OOoOoOOobOOoOoOoOoDOOO

gboobooboooboobobooooobooooboooobooboooobOoon

sage: E EllipticCurve([1,2,3,4,5])
ModularSymbols(37)

sage: %hist

1: E = EllipticCurve([1,2,3,4,5])

2: M = ModularSymbols(37)

3: %hist

sage: %macro em 1-2

sage: M

Macro ‘em’ created. To execute, type its name (without quotes).

sage: E

Elliptic Curve defined by y*2 + x*y + 3%y = xA3 + 2*%x422 + 4*x + 5 over
Rational Field

sage: E =5

(oooooon)
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sage: M = None

sage: em

Executing Macro...

sage: E

Elliptic Curve defined by y*2 + x*y + 3%y = xA3 + 2*%x4A2 + 4*x + 5 over
Rational Field

gbobooboooobooboobobob 'oob0oodbOo uUNIXbOooooboobooooooo
goooog

sage: !ls
auto example.sage glossary.tex t tmp tut.log tut.tex

gboobooboooboooooboboooboobooooobooboo

O0000 PATHOOODOO SageO bin OO OOO0OO0O00O0DO0OO0O0O0OODO gpO gapO singular O
maxima OO OOD0OO0OO0OSage0 0000000000 DOOOOODO0ODOODOODOOOODOO

sage: !gp
Reading GPRC: /etc/gprc ...Done.

GP/PARI CALCULATOR Version 2.2.11 (alpha)
1686 running linux (ix86/GMP-4.1.4 kernel) 32-bit version

sage: !singular

SINGULAR / Development
A Computer Algebra System for Polynomial Computations / version 3-0-1
0<
by: G.-M. Greuel, G. Pfister, H. Schoenemann \ October 2005

FB Mathematik der Universitaet, D-67653 Kaiserslautern \

32000000000

Sage0O0O0DOO0O0ODOOODOOODOODOOMODOODDODOODOOODOODODOO)YDOODOO
Uboboooooboobobobo legstart 0000000 @OOoO0OOOOOOODOODOOH)DOO
00000 logstart?0000000O00OOlogstart 000000000000 OOOOO0OOOO
ooooooboobo@oooooboboboobobooooooboo)boboooobooboooboOoDbO

was@form:~$ sage

| SageMath version 9.0, Release Date: 2020-01-01 |
| Using Python 3.7.3. Type "help()" for help. |

(oooooon)
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sage: logstart setup
Activating auto-logging. Current session state plus future input saved.

Filename : setup

Mode : backup

Output logging : False

Timestamping : False

State : active

sage: E = EllipticCurve([1,2,3,4,5]) .minimal_model ()
sage: F = QQ*3

sage: x,y = QQ['x,y"'].gens()

sage: G = E.gens()

sage:

Exiting Sage (CPU time Om0®.61s, Wall time Om50.39s).
was@form:~$ sage

sage: load("setup™)

Loading log file <setup> one line at a time...

Finished replaying log file <setup>

sage: E

Elliptic Curve defined by y*2 + x*y = xA3 - x*2 + 4*x + 3 over Rational
Field

sage: x*y

x*y

sage: G

[(2 : 3 : 1]

Sage ] Linux KDEO OO OO konsole DO O 0DOOO00ODDOOOODOOOODOOOODOOOOO
000000 konsole O Sage OO ODOODOO "settings" (OO0 OOOO0OOOOOOOO)O0O0OOOO
"history"(J O 0O O)O "setunlimited" 0000000 OOOOOO0O0OO0O0O0O0O0DOO0O0OO0OOOOOO
00000 "edit"00O00)000 "savehistoryas..." (000000000000 O0)OO0O0O0DOO0OOOOO
gboooobooooboobooooboboooooboooboobobooooboboooobooboon
xemacs 10000000000 O0OO0O0OO0OOCOOOOOOOOOOOOOO0OO0

66 030 0000o0od
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33 0000000000000 00DODOOd

Sage UODOODOODOOO PythonOODOODOOOOODOODOSage0 0000000000 ODOOOOOO
gbobobooood>»>>Usage: 00000 D0OOOO0O0O0O0DOODOODOO0OOODOOOO0OODOO
gobooboooobOoOon Saged O 0O0O0DOOOO0DOOODOOODOOODOOOOOOODOOO Sage
U0o0O0ooo0OobD pythonOOOOO0OOOO >»>>0sage: JOOOOO0O0OO0OOOO0OOCOOODOOO
g

sage: 2710

1024

sage: sage: sage: 210
1024

sage: >>> 2710

1024

34 000000

obooobooO0%time 0000000000 OOOOODOOODOOOOODOOODOOOOOOOOOOO
oooogooooooobooboooooboboooooboobooobooboooobobbooooDboo
O000O0O0O0O0OD0ODDDO0O000 Sage000O0OO0ODOOOOODODODDDOOOOOOOOOOOOPython
oboooooooon:

sage: %time a = int(1938)2int(99484)
CPU times: user 0.66 s, sys: 0.00 s, total: 0.66 s
Wall time: 0.66

oooooobooobDoecDODO "Walltime" OO DO ODOD0OODOOOOODOOOOOOG6OODOONO
gooooooooooooboobboobboobboobooooooooobboOoDbOb "Wall time"D CPU
gbooooboooooobooog

00000000000 SagedOOOO Integer 00000000000 ODOO0O0OODOOODO SageO
Integer 0O O CythonOD OO GMPOOODOODOOOOODOOOOODO:

sage: %time a = 1938499484
CPU times: user 0.04 s, sys: 0.00 s, total: 0.04 s
Wall time: 0.04

PARIO C-0000D0O00OO0OOO

sage: %time a = pari(1938)2pari(99484)
CPU times: user 0.05 s, sys: 0.00 s, total: 0.05 s
Wall time: 0.05

GMPOUOOOOOO0OO0OOODODOO SageOOOOOOO PARIOOOOOO GMPOOOOOOO
oboooooboooooooo)o
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oo0ooboodbD cputime 0000000000 DOOO0OOOOODOOODOOOOOOOODOODODOO

oooooag:

sage: t = cputime()

sage: a = int(1938)4int(99484)
sage: b = 1938499484

sage: c = pari(1938)“*pari(99484)

sage: cputime(t)
0.64

# random OO 0O00O0O0O0O0O

sage: cputime?

Return the time in CPU second since Sage started, or with optional

argument t, return the time since time t.

INPUT:

t -- (optional) float, time in CPU seconds
OUTPUT:

float -- time in CPU seconds

walltime OO0 000000000000 O0COO0O0O0O0O0C00OD00 cputimeO000000O0000O0O

000000000 0Sage00oooboooooboooooooobooooobooboooooboooboOog
gboooobooooboobooooboboooooboooboobobooooboboooobooboon
oboobooobooooooooobog (walltime)DOOOOO0OOODOOOOCPUDODOOOOOOO
gbooobooboooobooboooobobooobooboooobobooooboon

sage: time 1938499484;

CPU times: user 0.01 s, sys: 0.00 s,

Wall time: 0.01

sage: gp(®)

0

sage: time g = gp('1938499484")

CPU times: user 0.00 s, sys: 0.00 s,

Wall time: 0.04
sage: maxima(0)
0

sage: time g = maxima('1938499484")
CPU times: user 0.00 s, sys: 0.00 s,

Wall time: 0.30

sage: kash(0)

0

sage: time g = kash('1938499484")

CPU times: user 0.00 s, sys: 0.00 s,

Wall time: 0.04
sage: mathematica(®)
0

total:

total:

total:

total:

sage: time g = mathematica('1938499484")

0.01 s

0.00 s

0.00 s

0.00 s

(oooooon)
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(Cooooooooo)

CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.03

sage: maple(0)

0

sage: time g = maple('1938499484")

CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 0.11

sage: gap(0®)

0

sage: time g = gap.eval('1938499484;;")

CPU times: user 0.00 s, sys: 0.00 s, total: 0.00 s
Wall time: 1.02

000000000000 odoOGAPD MaximaO OO (DO DO UOODODO sage.math.washington.
edu0O00OMHOOOOODOODO pexpect OO0 OO0OODOOOOOOODOODOOOOODOODOOOOO
00000 Sage00O00O00ODOODOOOOODODOOODOODOODOO

3.5 IPython O 0 0[O

00000b0000D0Sage0 000000000000 IPythonOOOOOOO0OOOOO IPythonOOO
goboooboboooboboooobooooob0ooobo0o0oooboooOogn full IPython documentation
O00o00ooo0oooooooDooOoO0Ipython 00000000000 OODOOODOOODOO
gbooooooooobooogd:

«%bg 0000000000000 O000DO00O0O0D0O0O0OO0 jobsOOOODOOOOODODOO
(O0O0O0O0 not tested 0D ODOODOODODOODODOO %g OO SageOODOODODOODO
gobooboboooooobooobooboooboooobooooooooboooboobooooaon
obooooOoboboooboboooboobobooobooboooooboooooooboon)

goooboooobooo

sage: def quick(m): return 2*m

sage: %bg quick(20) # not tested

Starting job # ® in a separate thread.

sage: jobs.status() # not tested

Completed jobs:

0 : quick(20)

sage: jobs[0].result # the actual answer, not tested
40

ObOobOOobOOobOOobOOob0O0on0Ognog Saged0O0O00oOoooooooooooOoO --00000
OO000:Saged Python U OO0 OD00O0D00ODOO0ODOOOOODOOODO @WDOOOOODOOO)
gooood
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sage: %bg eval (preparse('quick(20)')) # not tested

oooooboooboo
gboobobooooboboooboboooooboooobobo%gOoboobooooOg

e %edit (¥edd ed0 D0 0)OODOOUODOOUOOODOOUOODOODOOODOODOOOODOOODO SagelO
000000O0og EpITOROOOOOODODNOODOODOODOON (export EDITOR=/usr/bin/emacs
000 export EDITOR=/usr/bin/vimO0 0000 .profile000000O0O0O0O0DOOOOO)OO
OO0 Sage0000OD0OO %dit0D0O00OO0O0O0OO0ODOOO0OOODOOOODOODOODOODODO

def some_function(n):

return n**2 + 3*n + 2

Oo00o0oo0ooOoo0o00ooDboO0o00o0obObO0o0o0ooo0ooobO0d some_functionODO OO0
O00000000D0DD0O00D000 SageOOOO0O00O %edit some_functionO0O0 0000000

 Jbdbuobobobodboboobdwrepbobobooboboobobooban
O00000b0000g Sage0O00oonooooooOoO:

sage: f(x) = cos(x)
sage: f(x).derivative(x)

-sin(x)

O0000 SageUODOOOD0O0O %rep0 00 0O0D00O0OODO SageOODODOOODODO -sin(x)d 0O
oboocooobooooooboon

IPpython OO OO0 ODOUO0ODOODO0ODODOO0ODODOOO %uickref 100 0OO0ODOOO0O (20110 40)
00 Saged IPython 000000 09.1 00000000 documentation for its magic commands O 00 O O
o0o000O0bO0o00O0b0oboO00DOO0bO0O0oOOoOoOoOobDOobObOooOoDoOoOoOTIPython ODODOO
gooooobooooooboo

36 0000 DOOO

O000o0ooooooDDDOoOO0O0OPythonODOOOOOOD(exception D0 0O0OODODOOODOOOOO
gbooooooooobooooobboobooobooobooooodn NameError O ValueError DO 0O
obooboooo (pythonOOOOOOOOOOCOO [PyLR]OOOOOCOOOOOOODOODOH)DOODOOO
gooo:

sage: EllipticCurve([0,infinity])
Traceback (most recent call last):

SignError: cannot multiply infinity by zero

gbdboboboobooooooooooobooooooboobOobOobOobOob%pedeOOOOooOonO
gboooboo/Mooboooo@uooooboo)yoooboooooooobooooobooooboooo
oboo00gipdb>000000000C0O0DOO0ODOOOOOODOODOOOOODOOOODOOODODOO
gboooooooooooobooooooo
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sage: %pdb
Automatic pdb calling has been turned ON
sage: EllipticCurve([l,infinity])

<type 'exceptions.TypeError'> Traceback (most recent call last)

ipdb>

oboooobooocobOobobooobobooonipde>0000000 ?2000000O:

ipdb> ?

Documented commands (type help <topic>):

EOF break commands debug h 1 pdef quit tbreak
a bt condition disable help list pdoc r u
alias c cont down ignore n pinfo return unalias
args cl continue enable j next pp s up
b clear d exit jump p q step W

whatis where

Miscellaneous help topics:

exec pdb

Undocumented commands:

retval rv

Sage U0 OOD0O0OCul-DO quit0DOOOOO

3.7 J000000DOO0OO0OOOOOO

ooo0:0000ooobobo0o0oooDboD arl-pO0O0O0ODOOOOO0)0ODODOODDODOOO
gbbooboobOobooobooboboboobooboOobbSaged0obooooooooboOoooOOn
oboboOdc¢rl-r000000O000bOO0ObOOoOoOooooooobobobooboooboooooooo
00000000 readline0 000000000 0ODO0OO0O0O0O0 LinuxOOOOOODOODODOO
goo

0000000000000000300000000V=Q30000000:

sage: V = VectorSpace(QQ,3)
sage: V
Vector space of dimension 3 over Rational Field
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gobogboboobooboobooboodaobon:

sage: V = QQ*3

ooooooobooooovooooooooooooobooooooov.bo0oooDoOgo [tab]
gbooooood:

sage: V.[tab key]
V._VectorSpace_generic__base_field

.ambient_space
.base_field
.base_ring

.basis

<< << <

.coordinates

V.zero_vector

gboboooooooooboboDb [(tab OO0l 00O0O0DOOOOOOOOOOODOODOODOODOOO
oboooooooobooo

sage: V.i[tab key]
V.is_ambient V.is_dense V.is_full V.is_sparse

000000000000 00DO00O0OOcoordinates 0000000000 O0O0O0OOOODOOOO V.
coordinates? 0000000000000 OOO0OOOOO V.ucoordinates?? 00 00000O0O0OOONO
O000000O0oooooooa

38 0000 DOOOO

Sage U0 ODO0ODOODODOOOOOOOOOODOOOOOODOODODOWOOOOOOOOODOO
gbooooboobooooooboobo

sage: V = QQ*3
sage: V.coordinates?

Type: instancemethod
Base Class: <type 'instancemethod'>
String Form: <bound method FreeModule_ambient_field.coordinates of Vector

space of dimension 3 over Rational Field>

Namespace: Interactive

File: /home/was/s/local/lib/python2.4/site-packages/sage/modules/f
ree_module.py

Definition: V.coordinates(self, v)

Docstring:

Write v in terms of the basis for self.

(oooooon)
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(Cooooooooo)

Returns a list c such that if B is the basis for self, then

sum c_i B_i = v.

If v is not in self, raises an ArithmeticError exception.

EXAMPLES:
sage: M = FreeModule(IntegerRing(), 2); M0®,M1=M.gens()
sage: W = M.submodule([M® + M1, MO - 2*M1])
sage: W.coordinates(2*M0O-M1)
[2, -11

boboooboooobooooooooooooooboobobooobooooboooboooooooboaoon
boooogoboooooboobooooboboooooboobooobobooooboboobooobooboon
gbooooboooooobooooboobooon

U00000000Sage000000O0O0DO0OO0O0OO0OO0OO0O0OO0f0 PythonOOOOOOOOOOO
22000000 f0000000000O00OO0ODOOOOOOODOOOOOD0

sage: V = QQ*3
sage: V.coordinates??

Type: instancemethod

Source:
def coordinates(self, v):

i

Write $v$ in terms of the basis for self.

i

return self.coordinate_vector(v).list()

0000000 coordinates 0 00 coordinate_vector 10000000000 OOOOOO0OOOO
0000000000000 coordinate_vector 00O O000O0O0OOO0OOONO:

sage: V = QQ*3
sage: V.coordinate_vector??

def coordinate_vector(self, v):

return self.ambient_vector_space() (v)

coordinate_vector OO OODODOODOODO (ambientspace) OO O0O0O0O00O0O0DDDODODO »000
0000000 VOOO0O0000000000000000000000VO Q30000000000
00000000000 oooD0obO0bDOobOobOn coordinate_vector 0O DOODOODOODOOO
gboooobooooboobooooboobooon:

38. 00O0OOOOOO 73
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sage: V = QQ*3; W = V.span_of_basis([V.0, V.1])
sage: W.coordinate_vector??

def coordinate_vector(self, v):

i

[IRIR1}

# First find the coordinates of v wrt echelon basis.

w = self.echelon_coordinate_vector(v)

# Next use transformation matrix from echelon basis to
# user basis.

T = self.echelon_to_user_matrix()

return T.linear_combination_of_rows(w)

{gooooboooboooobooooboobooboobbooboboobooobboobbOUbbooboobooDOobo
gooooooon)

help(DOOOO)HYOOOO help(ODOOOHODOODOOOOODOO OO0OD0DOman0OO0OO0OO0ODOO
goooooooooooboo

sage: help(VectorSpace)
Help on class VectorSpace ...

class VectorSpace(__builtin__.object)

| Create a Vector Space.

|
| To create an ambient space over a field with given dimension
| using the calling syntax ...

gU000000000000000000000000000000O0O00O0O00O0OO0OOOODO
000 function name? 00 0000000000000 0O0O0O0OO0ODOOCOO0ODOOOOOOOO help(O
00000)0OO00OO0O00ODO0O0ODO0O0OD0000D00O0O sage.modules. free_module0O0OOOOOOO
0000dooooobbooo0dooooooooboDbOn help(sage.modules. free_module) 00 0O
J000d000000000o00o0oo0o0o00o00o0o0o0oO0 /00000000 000DO0O0?00
doooooooooooooooo
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39 0000000000 DOooO

goboboboaoboooboobuoobobobobboboobooboobooboboooboaboa
gobgoobooobooboobooboobobboobooboobooboboboboboobobooboo
gboooboobooobooboboooobobooobooboooobobooooboaon

1. 00000000:0000000000000000000 (GAPO Magma 0O 0)O
2. 00000:00000D00000D00DO0OO0ODOODOOOOD (GAPO PARDO
3.000:000000000D00000DO0OOODOOOODOO (Singulard PARDO

PythonODOO Sage OO0 DO OO0OOD0O0ODOODOOOOODOO@OO)OODODODODODOOOOODOODO
oo00o000ooOooooO0o0ooo00ooDOo00oDo00Oo00DO000DO0O000O00O0 PARIT
gboooooooooobooooobobooboobooooooboooboobooooooooooooon
obooooboobooobo(@oobooo)obooboobooboooobooooooboooobooooon
obooooopboono pythonODOOOOODOODOOOOODOOOODOD

Ub0000 SageO 00000 x0O000D000 save(x, 00000 @ OOODOOODOO x.save(DOO
oO)y)oooooooooobooboobooobooooooboooboobooooboobooboooooon
0boooodD lead(@OOO0OOYDODOOODO

sage: A = MatrixSpace(QQ,3) (range(9))*2
sage: A

[ 15 18 21]

[ 42 54 66]

[ 69 90 111]

sage: save(A, 'A")

U00000D0 SageJ00OD0O0OO0OO0OODOODOOADODOODOO:

sage: A = load('A")
sage: A

[ 15 18 21]

[ 42 54 66]

[ 69 90 111]

oboooobooooboobooooboboooooboooooboOobobooobobooooooboon
goooooooooooobooooboooooogooboooooobooooooo

sage: E

EllipticCurve('lla")
E.anlist(100000) # OUOUOOoUooooood
sage: save(E, 'E')

sage: v

sage: quit

oo00oO0o00bO0O EQOODOOOOOOOODD e, 000 100000000000000153KO0O0O
oboooooog
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~/tmp$ 1ls -1 E.sobj

-rw-r--r-- 1 was was 153500 2006-01-28 19:23 E.sobj
~/tmp$ sage [...]

sage: E = load('E")

sage: v = E.anlist(100000) # O00O0O0O

(Python 0O ODOOOD0ODODOODOO cPickleJ0000O0OO0O0D0O0OO00OODOO0Sage0 00000 x0O
000 cPickle.dumps(x, 2) 00000000000 O00O0O000O0 20000)

Sage U0 OODOOO0OOODOOOOODOGAPO Singularl Maxima OO OO OOOO0OOO0OO0O0OOOOOOO
obooooooboobobooooobobobooooDobD "avalidCOD0DO)0O00O0DOODOO
ooooGcGAPOOO0ODOOODOOOODOODOODODODOOODOODOLOOOODOOODOODOO
gbooboobooobooboboooobooboooobooooobooboo

sage: a = gap(2)

sage: a.save('a')

sage: load('a')

Traceback (most recent call last):

ValueError: The session in which this object was defined is no longer

running.

GP/PARIOTODOOO0OOOO0OOOCOOODOOOCOOOOOOOODO0OOOOOOOOOOO0DbOO0O0O0

sage: a = gp(2)
sage: a.save('a')
sage: load('a')

2

oooooboOo0o0oooooooooobobo0o0ooDooOoboo0oooDoObO0o0Ooo0o0oDn Saged d
00000000 000O0000032000O0SX000000000000 640000 Linux O Sage
obooooooboobobooooooooSXuobooooooooooboooboooooboboo
0o00oo00ooD00o0ooboob0oboobOoD Saged000oobooOoobDOobbOOOOoDObOOOn
gboooobooobooboobooooboboooooboooboobobooooboboooobooboon
gbobooobooobooobooooooooobooobooooooooobooboobo @obooaon
oboooO)oooooooobooboOoboooobobooobOo SageOOOOoOoOoobOOOOOO
oooooobooooobooboooobobooooobooboooDoboooobobobooooDboo
Ubdb00dx._dict__0)000000 x00000O0O0O0O0O0OO0OO0OO0O0OO0OOO0OOODbOObOOOOO0
oboooobooboobOoboooobooon
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394 00O00OO0OOODOOO

ooooDOoO0o ASCliOOoogooooooooobooooooboooooooooboooooooboog
gboboobobobobobooboobooooooooooooooooo(@ooboooooooooo
gbooooobobooooobo)yooobooobooooobobooooobooobooboobooooooo

sage: R.<x,y> = PolynomialRing(QQ,2)
sage: f = (x+y)Ar7

sage: o = open('file.txt','w')

sage: o.write(str(f))

sage: o.close()

310 00 0O00DOOoDOoO0DOOoooOn

Sagee 0O 0OOO00DOOOODODOOOOOOOODOOOOODOOOODODOOOO

0000 save_session(U O O0O00)O0O00OO0O0OO0OO0O0OO0OOOO0OOOOOOOOOOOOOOOOO
oobooooboooobooooooooobobo@WoooooboobobobooooDoboboo
bobooobooooboooboooobooooooobooobon)boon wsebjOOooooooo
gbooooboooobooboooobobooooobooooobooboooooboobooooooboon
obooooobooooboobooooboboooooboooboobooboooobobobooobooboon

gbbooobooobooooboobO bo0ob0o0ob0o0ob0o0b0000 load_session(UOOOO0O)
gbobooobooboooboobooobooooobooobooboobooooobooooboobooboOoon
obooooooboooooboboooooboooooaoon

OO0 Sage00 000000 ODODOOOOODOO

sage: E = EllipticCurve('l1a')

sage: M = ModularSymbols(37)

sage: a = 389

sage: t = M.T(2003).matrix(); t.charpoly().factor()

4 = (x - 2004) * (x - 12)42 * (x + 54)*2

gbobooobooobooobooobooboboooboboobobooboooboboO.sebjOOooooooooO
oooooo3kO00oooooooooono

sage: save_session('misc')

Saving a

Saving M

Saving t

Saving E

sage: quit

was@form:~/tmp$ 1s -1 misc.sobj

-rw-r--r-- 1 was was 2979 2006-01-28 19:47 misc.sobj

3.10. 0O0O0O0O0OOO0O0O0OOOOO 77
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ob0dnb Sage0 0000000000 OODOODODOOOOODOOOOODOODODODOODOOOO
goo

sage: b = 19

sage: load_session('misc')
Loading a

Loading M

Loading E

Loading t

oooobooooooooooooooooooooooooooo OO OOOOODODOOOD

sage: M

Full Modular Symbols space for Gamma_0(37) of weight 2 with sign 0

and dimension 5 over Rational Field

sage: E

Elliptic Curve defined by y*2 + y = x*3 - xA2 - 10*x - 20 over Rational
Field

sage: b

19

sage: a

389
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Sage U0 O0OO0OO0OO0O0ODOOODOOOOODOOODOOOOODOOOOOOOOODOOOOOOOODOOOO
Uo0oo0od pythonDOOO00O0OOD0DODOO0OOODOODOOOOODOODOODO SageOOOOOoDOO
gbooooboooobooboooobobooooooboon

00000000000 000000 consoled 0000 interact0 00000000 OOO0OOOO
obooooGcApOOOO0OOOOODOOOLOOODO:

1. gap.console(): 0O ODOOO0ODO GAPOOUOOOOODOOODOOOOODOOODO cGAPODOOODO
Sage OO0OO0OLnuxO bash OO OOO0OO0O0D0OO0O0O0O0O0O0O0ODOOOOOOOOOOOOOOO

2. gap.interactQ: D0 0O00D00O0Sage 00 00OO0OD0OOO0ODOOOODOOOO GAPOOODOOOO
oooooooooooooooooooboooooooboGAPOOOODO@COOOOOOO
obooOoO0O0)SageO0OO0O0OODOO0OO0OOODOODOOOOODOOOO

4.1 GP/PARI
oboboooobo0oooooooDOo PARIDODOODOODOOOOOOOOOOODOODOODOODOODbOOOn
OO0000OSage00O PARIDODODOOOOODOOOO20000000000000000D0O0OO:
*gp-"GoPARI"ODOOOODO
e pari-PARICOOOODO

gbooouobooobooboobooooboboooooboooboobooboooobobooooboooboon
gbooooboooobooboooobobooooobooooobooboooooboobooooooboon
ooooo

sage: gp('znprimroot(10007)"')
Mod(5, 10007)

sage: pari('znprimroot(10007)"')
Mod (5, 10007)

oooooooooepO0O0O0O0ODOOOOOOOODOOOOOOOOODODOODOOOOODOOOOO
'znprimroot(10007)' DO DO ODOOGPOOOOOOOOOOOOOODOODOODOOOOOODO (OO
oGpO0O0D0O00O0OO0O0DOOODOOOOODOOOODOOO)YDODOOOODOODODOOODOO
oobooooooobooboo0obooobbooboo0obOo0Dbo0oo0o0Dn "znprimroot(10007) !
OPARICOOOODDDOOODOOOOOOOOOOODOD PythonOOODODDDOOODODODOOOOO
obooooboooobooboooobobooooobooooobooboooobooboooooobon
gbooooooooogoobooog:
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sage: type(gp('znprimroot(10007)'))
<class 'sage.interfaces.gp.GpElement'>
sage: type(pari('znprimroot(10007)"'))
<type 'cypari2.gen.Gen'>

gobooooboooooboooooboooobOooobbOoOooooooboobooooboepOOOobOOOoOoOO
GP/PARIOUOONO0OOOOOOODOOODOO0O0ODOOOGPPARIODODOOOOOOOODOOODOODOOO
000000 PARIDOODOOOOOOOODOOOOOOODOOOOODOOODODOOODOOODDOO
gbOCcoooobooooo)PARIDODOOOOOOOODOOOOODOOOOODOOODOOOOOOOn
obobooooboooooooboobobobooboooooooboobOOobOon PARIOOOOODOOO
obooobooobooobooboPARIDOODOOOOODO GpOOOOOOOODOOODOODOODOO
goo

(ooOooooOoooooOoooobooobooOocpObOOOOOOODOOOODOOODOOODOOODO
oboooooboooobooboooobobooooobooobooboobooooboboobooobooboon
obobooobooooboboboobooooooboob GpOb0ObOobOOObOODODODUODOO
UOPARICOOOOO ODOOOOODOODOODOOOOOOOOOOOOOOODOODOODOOOOOOn
00 PARIOOODOOOOOOOOOCOOCOOOODOODOODOOOOOOOOOOOOOOOOOOOn
ooboooboboo ooMBODODODODODODODOOODOOODODODODOODODOOODODODODOODOOOO
gbooboobooboobobooooboooobooboooooboooooboooboooooong)

0b00000Saged PARICOOOOOOOOOO GP/PARIDOOOOOOODOOODOOODOOOOOO
oboooooboooobOoboooobOo pythonODOODOOOO0ODODOODOODODOOOO

O000PythonO0DOOOOO PARIDOODOOOOODOOOO

sage: v = pari([1,2,3,4,5])
sage: v

[1, 2, 3, 4, 5]

sage: type(v)

<type 'cypari2.gen.Gen'>

PARIDODOOOOOOODO GenOOOODOO0ODOODOODOOOODOOOD PARIDOODOOOODOO
gbooobooboood typeOn0Od4d

sage: v.type(Q)
"t_VEC'

PARIDOOOO0OOOOO0DOOODOellinit([1,2,3,4,5D000000Sage000000000OOellinit
000t VECoOOOOODOO PARIOOOOOOOOOODOOO0O0OOODOOOOOOOOOO0O0

sage: e = v.ellinit(Q)

sage: e.type(Q)

't_VEC'

sage: pari(e)[:13]

[1, 2, 3, 4, 5, 9, 11, 29, 35, -183, -3429, -10351, 6128487/10351]

gbooboobooobooboboooobooboooobooooobooboo
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sage: e.elltors()

[1, [1, [11

sage: e.ellglobalred()

[10351, [1, -1, ©®, -17, 1, [11, 1; 941, 1], [[1, 5, ®, 11, [1, 5, ®, 1]11]
sage: f = e.ellchangecurve([1,-1,0,-1]1)

sage: f[:5]

[1, -1, 0, 4, 3]

4.2 GAP

Sage 00 GAP44.1000000000D00000DOO0OOODOOOODOOOOODO

000000000 GAPO 1dcGroup OO0 O0OO0OOOOOOOOOODOODOOOOOOODOODOOO
goooooobooooboobooogoboboooooboobooobobobooobobobooobooDboo
gboooboobooobooboboooogn

sage: G = gap('Group((1,2,3)(4,5), (3,4))")
sage: G

Group( [ (1,2,3)(4,5), (3,4 1)

sage: G.Center()

Group( O )

sage: G.IdGroup(Q)

[ 120, 34 ]

sage: G.Order()

120

OooooobDOoGcAPOOO=00000000000000D00 SageoooonooDO:

sage: G = PermutationGroup([[(1,2,3),(4,5)1,[(3,4)]1D

sage: G.center()

Subgroup generated by [()] of (Permutation Group with generators [(3,4), (1,2,3)(4,
~5)1)

sage: G.group_id(Q)

[120, 34]

sage: n = G.order(); n

120

(GAPOUUODOUODOODOODLOOODOOD SageUOODbOObOODODODbDOODODbDObDOODODOO
00000 sage -optional 000000 0O0O0OOODOOOO0OODODOOOOOODOOOOOOOOOO
00 gap\_packages-x.y.zOOOOOOOODOOOO sage -i gap\_packages-x.y.zO OO QdQododd
U0o0oo0oo0obo0ob0obOobOo GPLOODO GAPOODODODOGAPOODODO [GAPKglO DO
0000000 $SAGE_RO0T/1ocal/lib/gap-4.4.10/pkg 0 0000 0O0O00OO0OOOOOOOOOONO)
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4.3 Singular

Singular 0 0 00 0000000000000 gedd 00000 Rieman-Roch 000000000000
0000000000000 0000000000000000000000000000000000
0000000000 Sage 00 Singular 000 0000000000000 0COCOCOO (....00000
0oo):

sage: Rl = singular.ring(®, '(x,y)', 'dp")
sage: Rl

polynomial ring, over a field, global ordering
// coefficients: QQ

// number of vars : 2

// block 1 : ordering dp
// : names Xy
// block 2 : ordering C

sage: f = singular('9*yA8 - 9%xA2%yA7 - 18%xA3%*yA6 - 18%xA5%yr6 +'
venat "OFXAGFYAL 4+ 18FXATFYAS + 36%xA8%yA4 + 9*xA10%yr4 - 18%xA11FyAr2 -
cenal "9FXALI2%yA3 - 18%xA13%yA2 + 9%xA16')

fO00D0000D0OOO000DOOOO00DOOOO0DOOOUOOOO

sage: f
9%xA16-18%xXA13%yA2-9%xA12%yA3+9%xA10%yA4-18*XA11*yA24+36%XA8*yA4+18%XA7*yA5-18%xA5%yA
—6+9%XA6¥YyA4-18%XA3*yAG-9*XA2%yA7+9%y A8
sage: f.parent()
Singular
sage: F = f.factorize(); F
[1]:
_[11=9
_[2]=x26-2%xA3*yr2-xA2%yA3+yr4
_[3]=-xA5+y*2
[2]:
1,1,2
sage: F[1][2]
XAG-2%XA3*yA2-xA2%yA3+yAr4

GAPOUODODO GAPODDOODOOOOSIngular DO D0OOO0O0OO0O0O00OODDOOODOOOOOOOO
000000 SaeeOOOOODODOD Singular O0O00D0D0O0OO0O00O0DOOOOOODOOO))OO
ooooo ....00000000:

sage: x, ¥y = QQ['x, y'].gensQ

sage: f = (9%yA8 - 9*xA2%yA7 - 18%xA3*yA6 - 18¥xA5%yr6 + 9*xXA6*yr4
ceent F 18FXATFYAS + 36%xA8%yr + 9FxA10%yA4 - 18¥xAL1¥yA2 - 9FxAL2%yA3
cewal - 18%XA13*yA2 + 9%XA16)

sage: factor(f)

(9) * (=xA5 + yr2)A2 * (XA6 - 2%XA3¥yA2 - xA2%yA3 + yA4)
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4.4 Maxima

Maxima OOLISPOO0OO0O000D0O00O0O SageUDO0O0O0OD000O0OMaximaODOOODOOOODOO
O)gnuplot DO O O0OO0OOSage 0000000 O0ODOO0OO0OOOOD0OOOMaximaOOOOODOOOO
gioboobobOO0OMaximaOOOOOOOOOOO0ODOOOODOOO10000000O0 ODbE)YDO0OOOOo
20 ObEO0O0O0OO0OO0O0DOCOOO0OO0OO0ODOOOODENDOODOCOOOOOOOOOO0DOONDN Maxima
oboboobooboooboooooobbegnuplot 000000000000 O0DOO0ODOO@EOOOODOOO
googooboooboo)oobooboobooboobooboobooobobboobooboo

Sage/Maxima 0 0000000000000 O0O0OOOOOOOO 4, j000004¢/j00000000
oboooooboooon &,y =1,...,40000

sage: f = maxima.eval('ij_entry[i,j] = i/j")

sage: A = maxima('genmatrix(ij_entry,4,4)'); A
matrix([1,1/2,1/3,1/4],[2,1,2/3,1/2],[3,3/2,1,3/4]1,[4,2,4/3,1]1)
sage: A.determinant()

0

sage: A.echelon()
matrix([1,1/2,1/3,1/4],[0,0,0,0],[0,0,0,0],[0,0,0,01)

sage: A.eigenvalues()

[[0,4],[3,11]

sage: A.eigenvectors()
(cro,41,03,111,0((1,09,0,-41,[9,1,0,-2],[0,0,1,-4/311,[[1,2,3,4]111]

gboooooooon:

sage: A = maxima("matrix ([1, O, 0], [1, -1, O], [1, 3, -210")

sage: eigA = A.eigenvectors()

sage: V = VectorSpace(QQ,3)

sage: eigA

rrr-2,-1,11,r11,1,111,CC[0,0,117,[[0,1,311,[[1,1/2,5/61111

sage: vl = V(sage_eval(repr(eigA[1][0][0]))); lambdal = eigA[0][0][0]
sage: v2 = V(sage_eval(repr(eigA[1][1]1[0]))); lambda2 eigA[O][0][1]
sage: v3 = V(sage_eval(repr(eigA[1]1[2]1[0]))); lambda3 = eigA[0][0][2]

sage: M = MatrixSpace(QQ,3,3)

sage: AA = M([[1,0,0],[1, - 1,0]0,[1,3, - 21D
sage: bl = vl.base_ring()

sage: AA*vl == bl(lambdal)*vl

True

sage: b2 = v2.base_ring()

sage: AA*v2 == b2(lambda2)*v2

True

sage: b3 = v3.base_ring()

sage: AA*v3 == b3(lambda3)*v3

True
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O000Sage 000 openmath OO0 00000000000 DOOOCDOOOCDODODOOODODOOOO
MaximaOOOOOOOOOOOOOOOOOOO0OO000O0

gboooobooooboobo (...00o0o0o0)

sage: maxima.plot2d('[cos(7%x),cos(23*x)*4,sin(13*x)+3]","[x,0,1]"', # not tested
I '[plot_format,openmath] ')

gbooooob3sgoboooooboooooobooooooDb (....000000):

sage: maxima.plot3d ("2A(C-u?*2 + v+2)", "[u, -3, 31", "[v, -2, 2]", # not tested
ceeat '[plot_format, openmath]')

sage: maxima.plot3d("atan(-x*2 + yA3/4)", "[x, -4, 41", "[y, -4, 41", # not tested
I "[grid, 50, 501", '[plot_format, openmath]')

gooooooboooooo3ogboooooooo ¢....0obooo).

sage: maxima.plot3d("[cos(x)*(3 + y*cos(x/2)), sin(x)*(3 + y*cos(x/2)), y*sin(x/2)]",
# not tested

"

— [x, -4, 41", "[y, -4, 41", '[plot_format, openmath]')

gbooooobooooboboooobooooo c....00O0O0OD):

sage: maxima("expr_1: 5*cos(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0) - 10.0")
5*cos(x)*(sin(x/2)*sin(2*y)+cos(x/2)*cos(y)+3.0)-10.0

sage: maxima("expr_2: -5*sin(x)*(cos(x/2)*cos(y) + sin(x/2)*sin(2*y)+ 3.0)")
-5*sin(x)*(sin(x/2)*sin(2*y)+cos(x/2)*cos(y)+3.0)

sage: maxima("expr_3: 5*(-sin(x/2)*cos(y) + cos(x/2)*sin(2*y))")
5*(cos(x/2)*sin(2*y)-sin(x/2)*cos(y))

sage: maxima.plot3d ("[expr_1, expr_2, expr_3]", "[x, -%pi, %pil", # not tested
— "y, -%pi, %pil", "['grid, 40, 40]1", '[plot_format, openmath]')
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Sage TeXUODOUODOOOOODO LaTeXODOODODOOOOOOODODODOOOOODODODODOOOOO
gbobooobooboobooooooooobooobooboooooooooobooboboo@mobooooaon
obooooboooocoboobooooobooooon)

51 00

Sage LaTeX O OODOOOOOOODODOODOODOOOOOOODODOODOOOOOOODOOODOOOO
gboooobooobooboboooobooon

1. Sage U0 OD0OO0OO0O0O0O0DOODO LaTeXOOOOOOODODOOOOOOOODOSageOOOoOoQonO
fooll LaTeXUODOOOODOOOOOOOOOODOSage0 00000000 SageODOO0OO0OOOO
latex(foo) DO DOO0OOODOOOOODOOO TeXODOOOOO(ODOODOOD sOoOooooon)
0000000000000 fooODO0OO0DODOOODODODOOOODODDOOODODDODOODODODO

O0000000 Sage LaTeX OO ODOOOOOOOOOOOOOOOOOOOOOOODO Sage
O00O00O0bO00ob0O0b0o0b00oD0o0ooD0obo0oOD latexQUOODOOOODO LaTeX
oooooo/o0ooobooooooo

2. 000000000000D00O0O0webO0 00000000000 OO0O0O0O0O MathJaxOOOOO
O000b000000OMathJax O JavaScript D 0 0000000000000 OOODOOODOOOO
gbobooboobooboboTeXOOoobOoooooobooooobooooo,obooogoobooo
obooooooobobob TeXOOobOooooooooobooboooooooooobooboo
obobobobooooooooooooobobobobobobobooboooooooboooo
O00000O00DO000o0b0o0obonboOd latexOQOOO MathlaxOODOOOO HTMLO O OO
O00000ooooO0o0O0OMathlax OO ODOOOOOO0O0ODOOOOOOOODOOOOOOO
O TeXOOOOOOOOOOOODODOOODODOODOOOODOOOOOOOOOOOOOoOoOOoooao

3.8ge 0000000 O0ODOOODO0OODO0O0ODO MathlaxOOOOOUODOOODDO LaTeXOODOO
boboobooooobobooobooboobooib LaTeXOOOOOOOOoooooooo
SageUOOSage 00O DOOOO0ODOOOOODOOOODOOOOODOOOOODOOOOODOTeXO
gbobobooooodababobobTexXtuoouooooooboboaobaobooboobobooa
googboobooboobobobobooboobooboobobobon

Ub0 latexQOOOOOOOOOOOODOODOO.

sage: var('z")

z

dooooooo)
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Sage 0O UJO0O0O0O,0000 94

(Cooooooooo)

sage: latex(z*12)

zA{12}

sage: latex(integrate(z*4, z))
\frac{1}{5} \, z*{5}

sage: latex('a string')
\text{\texttt{a{ }string}}
sage: latex(QQ)

\Bold{Q}

sage: latex(matrix(QQ, 2, 3, [[2,4,6],[-1,-1,-1]11))
\left(\begin{array}{rrr}

2 & 4 & 6 \\

-1&-1& -1
\end{array}\right)

O000O00D0DO MathJaxOOOOOOOOO0O0O0O0O0ODODOOOO MathJaxOOOODOD O MathJax
gooooobOoo0o0o0oooooobbbO0O0OMathJaxO0O0O0O evalOOO SageO 0000000 LaTeX
0000000000 CSSO "math" 00000000 HTMLOODOOOO MathJaxOOOOOO

sage: from sage.misc.html import MathJax

sage: mj = MathJax(Q)

sage: var('z")

z

sage: mj(z*12)
<html>\[\newcommand{\Bold}[1]{\mathbf{#1}}zA{12}\]1</html>
sage: mj(QQ)

<html>\[\newcommand{\Bold} [1]{\mathbf{#1}}\Bold{Q}\1</html>
sage: mj(ZzZ[x])

<html>\[\newcommand{\Bold} [1]{\mathbf{#1}}\Bold{Z}[x]\]</html>
sage: mj(integrate(z*4, z))
<html>\[\newcommand{\Bold}[1]{\mathbf{#1}}\frac{1}{5} \, zA{5}\I</html>

52 0000000

O00D0O000D0DOSaged LaTeXODOODOODOOOOODOOOODOOO latexQOOOODODOOO
0000000 LaTeXOOOODOOOODODODOOOODOOOOOOOO0O00O0 LaTeXOOOOOOOO
LaTeX O OO OOOOODOODOODOODOODOODOODOODOODOODOOD Sage0OOODOODOODODO
goooogoo

00000000000 viewQUOOODDOODOOOOSage0 0000000 view(foo) ODODOOOO
fooll LaTeX OO OOOOOOOOOOD LaTeXOOOOOOOOOOOOOOOOOOOODOOOOO
U0 TeXOUOOOOOTeXOOOOOOODODOOOOOOOOODOOOoDOOOoOooOooooo TeXxooo
gbobooooooooboooobooobo0oobooubog (Lelextdbooobooo ooonO)o

ob0oob0Oo0O0d,view(foo) DOOOO0 MathJaxODOOOOODOOO LaTeXOOOOOOOODOOO
000000000 HTMLO CSSOUO0000D000000D000D0000 SageO O OODOO ASCIIO
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obooooDooboooboooboooboobooboo0ooboooooboboobog SagedoooonO
U000 Mathlax OO O00O0 LaTeXOOODODOODOOOOOOOOOODOODOO MathJaxDO OO
gboboobo TeXOOooooboooboooboooooboobooooboooboooooobooooo
ob000doooobOooboobO0oobooobooboooono LelexOoooooooobobo oOoo
good

gbobooboob TeXO0Ooooooooboobooooooooboooooooooobooooo
ob0oobooobo0obO0oooobooOobooon "ypeset' 000000000 O0OOOOOOOOODOO
0o0o0ob0OobO0o0bD Mathlax OO OOODOOOOODOOOOODOOOOODOOOOODOOOOODOOO
gbooobooobooobooooobooooobo0oobDooooooobDOoOooDOoooOODO "Typeset”
gboboooooboooobobobobooooobogviewQOOOOOOOOOOODODODOODOO
oboooooooo

goboboob TeXOO0ODOOoooohoobooobbooobbo =Xooobboooobooooboo
0000000000000 000D0o0o0O0O000O00DOb0000000D00 <shift-click>000
TnyMCEOOOOOODOOOOOOODODOOOOOOOOOODOOOO0OO0OO0oOOoO0o000bOoona
wSIWYGODUOOOOOO HTMLO CSSOO00000000000o0o0obo0oooooooooooonoo
ooooooboooobogooooobbogooooobooooDooboobboobooooobobooo
o020 ¢$) 00000000000 MathlaxOOODOOOOOOO0OODOOOOOO0OODDOOOO
ooog

53 LaTeXOODOOOODODODODO

latexQ OUOOOO0OOD LaTeXOOOOOOOOOODODOODODOODODOODOOOOOOOOOODOOOO
O0D000 SageUO0DOD0O0O0ODOOOOOOO latexOOODOOOODOOODOOODOODOO latex. (O
gbo .000)00000 [Tab]OOO0OO0OO0OODOOOODOODOOOOODOODOOOO

0000 latex.matrix_delimiters 00 0000000000000 O0O0OODOOOOOOOODOOO
gobgooooboooboobooboobobbobooboobooboboboboboobobooboo
0000000000000 0D00000000000LaTeXO0OOOOO0O0O0OO0OO00DDOOOPython
gboooobooooboobOoboobo 1ocobobooobooboooobooooobooobooon

sage: A = matrix(ZZ, 2, 2, range(4))

sage: latex(A)

\left (\begin{array}{rr}

0 & 1 \\

2 &3

\end{array}\right)

sage: latex.matrix_delimiters(left='[', right="]")
sage: latex(A)

\left[\begin{array}{rr}

0 & 1 \\

2 &3

\end{array}\right]

sage: latex.matrix_delimiters(left="\\{', right="\\}")
sage: latex(A)

(Doooooon)
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(Cooooooooo)

\left\{\begin{array}{rr}
0 & 1 \\

2 &3
\end{array}\right\}

latex.vector_delimiters 000000000 OOO0OO

{goboboooooboO)oboboooooOobOobOoOooOobOD latex.blackboard_bold O 00O
gboooob